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C H A P T E R I 
I N T R O D U C T I O N 
Weiss Molecular Field 
The first good phenomenological theory of ferromagnetism was 
proposed by Pierre Weiss in 1907. ^  His theory was that each atom in 
a ferromagnetic substance was acted on not only by external magnetic 
induction fields but also by an internal field, the Weiss Molecular Field, 
which was in the same direction and linearly proportional to the average 
magnetization. The effective field that each atomic magnetic dipole 
—» —> 
moment sees according to this theory is H + q M where H is the applied 
7 
field, M is the magnetization, and q is a constant on the order of 10 oe 
for iron and nickel. This theory gave results that were qualitatively 
right for the behavior of the magnetization and susceptibility. The Weiss 
model was quantitatively wrong at low temperatures in that it predicted 
a smaller decrease in M at low temperatures than was observed. For 
example, at a temperature 2 0 % of the Curie temperature (the tempera­
ture where the spontaneous magnetization disappears) the decrease in 
the relative magnetization is predicted by the Weiss model to be 0. 0002 
as compared to the observed value for iron of about 0. 01. Also above 
the Curie temperature, T , the Weiss model predicted that the inverse 
2 
susceptibility, \ >^ would vary like (T - T^) which is observed for 
temperatures T much greater than T ; however, near T , X ^ is 
4 / 3 9,11, 12, 31 C 
observed to vary like (T - T ) / . 
c 
The Heisenberg Ferromagnet 
The origin of the strong interatomic coupling that must exist in 
ferromagnetic materials such as iron and nickel was not understood until 
1928, when Heisenberg gave the first explanation based on quantum 
2, 3 
mechanics. ' Heisenberg's theory is that the coupling is due to the 
electrostatic interaction between electrons of different atoms whose wave 
functions overlap in space. In particular the coupling is due to the 
exchange term in the energy expression which is necessitated by the 
symmetry requirements on the wavefunction of two fermions and for this 
4 
reason the interaction is called the "exchange interaction. " Dirac 
showed that except for a constant term which is not important the coupling 
between two electrons on atoms i and j was equivalent to a potential of the 
form: 
V.. = -2 J.. S. • S. 
ij ij i J (1) 
where is the spin angular m o m e n t u m vector (operator) of atom i 
measured in units of fi and J.. is the exchange integral of atoms i and j 
3 
F o r t h e c a s e i n w h i c h t h i s t h e s i s i s i n t e r e s t e d w h e r e t h e r e a r e 
a l a r g e n u m b e r o f a t o m s a r r a n g e d o n a c r y s t a l l a t t i c e , E q u a t i o n ( 1 ) i s 
g e n e r a l i z e d i n t o t h e " H e i s e n b e r g H a m i l t o n i a n " o p e r a t o r f o r t h e w h o l e 
s y s t e m w h i c h i s o f t h e f o r m : 
K = - Z I j . . 3 . £ > . - 2 M H Z S Z (2) 
i j 1J 1 J i i 
w h e r e t h e s u m s o v e r i a n d j r a n g e o v e r a l l o f t h e a t o m s i n t h e s y s t e m . 
T h e s e c o n d t e r m o n t h e r i g h t i s i n t e r a c t i o n o f a n e x t e r n a l f i e l d , H , w i t h 
t h e m a g n e t i c m o m e n t , |j. , a s s o c i a t e d w i t h e a c h u n i t o f s p i n {h/2). T h e 
" z " d i r e c t i o n i s d e f i n e d b y H a n d S Z i s t h e " z " c o m p o n e n t of t h e §. o p e r a ­
t o r . I t s h o u l d b e n o t e d t h a t t h e H e i s e n b e r g t h e o r y n o t o n l y e x p l a i n s t h e 
o r i g i n of t h e " M o l e c u l a r F i e l d " b u t c h a n g e s t h e m a t h e m a t i c a l f o r m o f t h e 
i n t e r a c t i o n . 
T h e H e i s e n b e r g m o d e l i s b a s e d o n a s o l i d w h e r e t h e m a g n e t i c 
e l e c t r o n s a r e i n s t a t e s l o c a l i z e d a b o u t t h e l a t t i c e s i t e s w i t h e x c h a n g e of 
e l e c t r o n s t a k i n g p l a c e b e t w e e n n e a r e s t n e i g h b o r p a i r s . T h e m o d e l d o e s 
n o t t a k e i n t o a c c o u n t t h e s p r e a d i n g o f t h e e l e c t r o n i c e n e r g y l e v e l s i n t o 
b a n d s b y t h e k i n e t i c e n e r g y . W h i l e i t i s g e n e r a l l y t h o u g h t t h a t t h i s m o d e l 
m a y b e v e r y g o o d f o r n o n c o n d u c t i n g f e r r o m a g n e t s s u c h a s E u O , i t s a p p l i ­
c a b i l i t y t o c o n d u c t o r s s u c h a s i r o n a n d n i c k e l i s n o t c e r t a i n . H o w e v e r , 
4 
the Heisenberg model seems to give better predictions for the magneti­
zation of nickel at low temperatures than calculations that begin with an 
38 
itinerant electron picture. 
F r o m the comparisons of the results of the calculations done in 
this thesis and the experimental results for nickel and iron it appears 
that the Heisenberg model is very good for equilibrium properties if one 
adds a temperature dependent magnetic moment quenching factor. This 
factor seems to change in nickel from 0. 606 at 0°K to 0. 642 at 627°K. 
This might be explained as a change in the magnetic polarization of the 
4s conduction band which is partially polarized antiparallel to the more 
localized 3d electrons. 
In some ways the Heisenberg Hamilitonian is very simple. The 
physical model that is used with it consists of a large number, N, of 
spins on a typical lattice. The system can be completely described in 
the quantum mechanical sense by describing the spin state of each lattice 
site; that is, no knowledge of the real-space wave functions is necessary 
other than the constant values of the integrals J.. which for the cases con-
sidered in this paper are assumed to be zero unless i and j are nearest 
neighbors where J = J. This is because once the spin state is known, 
the Fermi statistics fix the real space wave functions. Also the system 
has a well defined ground state with all spins aligned in the z direction. 
The excited states with one reversed spin are given by 
5 
I k > = N ' 1 / 2 L e i j ' S." I 0 > = Sf | 0 > (3) 
j J 
where | 0 ) is the ground state and S. is the operator that reduces the 
z component of the spin at the j'th lattice site by one unit. The operator 
S defined by Eq. (3) is the spinwave creation operator. The vector k 
m a y be any of the vectors in the lattice's reciprocal space which is 
—• 
defined as the set of vectors k such that for i = x, y, or z, k = 2nn /L 
i i i 
where n. is an integer and L » . is the length of the lattice in the i direction 
l l 
in lattice units. For a simple-cubic lattice containing N lattice points in 
real space this set can be reduced to a complete set of N nonequivalent 
5 ^ 
vectors. One such set can be constructed by requiring 
(()< n < L , 0 < n < L , 0 < n < L ). The addition of another atom 
— x x y y — z z 
to the cubic unit cell to make a body-centered-cubic lattice requires that 
another set of N points be added to k space to have a complete set. This 
additional set of points can be constructed by either letting 
(L I n < 2 L , 0 l n < L , 0 l n < L ) o r (oln < L , L I n < 2 L , 
x x x y y z z x x y y y 
O i n < Li ) or (0 I n < L , 0 I n < L , L < n < 2L ). All three sets 
z z x x y y z — z z 
of points defined in the last sentence must be added to the simple cubic set 
for a body-centered-cubic lattice. These sets are complete in the sense 
that 
6 
N _ 1 L i k - j = 6. 
N 
i k - j 
= 6. 
( 3 a ) 
w h e r e 6 i s t h e K r o n e c k e r d e l t a f u n c t i o n . 
J 
T h e e n e r g y o f t h e s t a t e d e f i n e d b y E q . ( 3 ) i s g i v e n b y 
K | k > = 2 S J ( Y Q - Y K ) I k > ( 3 b ) 
= E ^ W | k > 
k 
w h e r e 
i k - 6 ( 3 c ) 
a n d 6 r e p r e s e n t s t h e s e t o f v e c t o r s i n r e a l s p a c e t h a t j o i n a l a t t i c e s i t e 
t o i t s n e a r e s t n e i g h b o r s . 
S p i n w a v e t h e o r y u s e s a s a b a s i s t h e s e t o f s t a t e s c r e a t e d b y 
a c t i n g o n t h e g r o u n d s t a t e w i t h a l l p o s s i b l e c o m b i n a t i o n s a n d n u m b e r s o f 
t h e N s p i n w a v e c r e a t i o n o p e r a t o r s . T o s e e w h y t h i s l e a d s t o d i f f i c u l t i e s 
a t h i g h e r t e m p e r a t u r e s , c o n s i d e r t h e s e t o f s p i n w a v e s t a t e s w i t h t w o 
r e v e r s e d s p i n s . 
7 
0 > (3d) 
Acting on this state with the Hamiltonian produces 
(3e) 
- 2 J N " 1 L ( y - v k) I k, k 1 + k 2 - k > 
k 
which shows that the two spinwave state is not exactly an eigenstate of 
the Hamiltonian. Usually the non-diagonal term is treated as an inter­
action term and perturbation theory is used to find renormalized energies 
which are temperature dependent due to the interaction between a spin-
wave and other thermally excited spinwaves. If the diagonal part of the 
last equation (i. e. k = k^  or k = k^ ) is used as the interaction energy 
between k and k , the renormalized energy for k would be 
+ Y VK; 
(3f) 
= J 1 2 N - 1 ; 
k ( Yo - v > / Y 0 J ( Y O ' V 




n k = l/(^exp(E^ W(T)/k BT) - Ij (3g) 
2 2 
sw 
The renormalized energies, E (T), derived in this way agree with 
36 
those M . Bloch found by minimizing the free energy and those Dyson 
7 
found by considering the Born scattering of two spinwaves. The tem­
perature dependence is contained in the term in square brackets which 
/ / v 5/2 
Dyson showed varied at low temperatures like 1 - c„(T/T ) which is 
2 c 
z , 3 / 2 
a slower decrease than (S ) which decreases like 1 - c^(T/T^) ' . 
The constants c^ and c^ are of the same order of magnitude. A more 
detailed discussion of the renormalized spinwave is contained in 
Appendix III. 
The difficulty of using the spinwave states as basis for any type 
of perturbation theory is due to the fact that for more than one reversed 
spin they are not an orthogonal set and therefore are not the eigenstates 
of any Hermitian operator. Consider the Hilbert space of states with n 
reversed spins on a lattice of N spins with S = 1/2. A n orthogonal basis 
for this space is the set of states built up by acting on the ground state 
with all possible products of n operators that reverse the spin on a parti­
cular site, S. . Since the S. operators commute for different values of 
J J 
j, and for S = 1/2 none of the n values of j can be the same; the number 
of distinct states, D „ is given by 




n , N n ! ( N - n ) ! 
T h e v a l u e o f D 
n , N 
i s a l s o t h e d i m e n s i o n o f t h e s p a c e . S i n c e t h e s p a c e 
i s p r e s e r v e d u n d e r t h e H a m i l t o n i a n , i t c o n t a i n s D 
n , N 
e i g e n s t a t e s . T h e 
s p i n w a v e p i c t u r e r e p r e s e n t s t h i s s p a c e b y t h e s e t o f s t a t e s p r o d u c e d b y 
a c t i n g o n t h e g r o u n d s t a t e w i t h a l l p o s s i b l e p r o d u c t s o f n s p i n w a v e 
o p e r a t o r s , S . T h e S o p e r a t o r s c o m m u t e f o r d i f f e r e n t v a l u e s o f k, 
b u t t h e r e i s n o r u l e l i m i t i n g t h e n u m b e r o f t i m e s a s i n g l e v a l u e o f k c a n 
b e r e p e a t e d . T h e n u m b e r o f s p i n w a v e s t a t e s i n t h e s p a c e i s 
w h i c h e x c e e d s t h e d i m e n s i o n a l i t y o f t h e s p a c e . D y s o n s h o w s t h a t t h e 
e f f e c t o f t h i s s u r p l u s o f s t a t e s i s t o a d d a t e r m t o t h e f r e e e n e r g y p r o p o r -
t o z e r o f a s t e r t h a n a n y p o s i t i v e p o w e r o f T , i t w i l l n o t a f f e c t t h e p o w e r 
s e r i e s i n T o f t h e f r e e e n e r g y b u t w i l l o n l y l i m i t t h e r a n g e of v a l i d i t y . H e 
e s t i m a t e s t h a t t h i s r a n g e i s u p t o a v a l u e o f T s u c h t h a t t h e m a g n e t i z a t i o n 
7 
h a s d e c r e a s e d t o a b o u t 7 5 % of i t s v a l u e a t z e r o t e m p e r a t u r e . 
T h e r e a r e a l s o m e t h o d s o f f i n d i n g t h e p r o p e r t i e s o f t h e H e i s e n b e r g 
f e r r o m a g n e t a t t e m p e r a t u r e s a b o v e t h e C u r i e p o i n t . T h e f i r s t o f t h e s e w a s 
d e v e l o p e d b y P e t e r W e i s s f r o m a t e c h n i q u e u s e d b y B e t h e a n d P e i e r l s i n 
B 
n , N 
( N + n - 1 ) ! 
n ! ( N - l ) ! 
t i o n a l H e a r g u e s t h a t s i n c e t h i s t e r m d e c r e a s e s a s T g o e s 
10 
the order-disorder problem. Known as the B P W theory,it treats the 
interaction between a given atom and its nearest neighbors exactly but 
2 g 
averages over the effect of the rest of the lattice on this unit. 
Opechowski introduced a method of expanding the partition function of 
used this technique to show theoretically the X = A(T - T ) behavior 
c 
for T slightly greater than of the Heisenberg ferromagnet which is 
similar to the behavior observed for nickel and iron. ^ ' ^ 
The fault of the techniques described in the preceding section for 
the Heisenberg model is that there is a range of temperatures in the 
vicinity of the Curie temperature where neither technique is valid. The 
convergence of the (l/T) series becomes slow as T -»T* and the spinwave 
interactions become large for T > 0 . 5 T^. The application of a 
temperature-dependent, double-time Green function formalism to the 
Heisenberg ferromagnet problem by Bogolyubov and Tyablikov offered a 
means of finding solutions over the entire range. ^ 
The problem with the Green function technique is that: the 
equations are not in closed form. The time derivative of the first order 
Green function has a term which is proportional to higher order Green 
functions, and there is a similar relation between each Green function 
and the higher order Green functions. In order to find approximate 
a Heisenberg ferromagnet in powers of (l/T). 10 
-1 
Temperature Dependent Green Functions 
11 
solutions it is necessary to break up this hierarchy of equations. Some 
work has been done by decoupling in the second order equation and good 
results for life times of spinwaves and bound-spin states at low tempera­
tures have been obtained; however, the resulting equations are not 
presently solvable over the whole temperature range even using a com-
+ 16, 17, 18 . . puter. In this paper, as m some previous works, the decoupling 
has been done in the first order equation by approximating the second 
14, 19 
order Green function as a function of first order Green functions. 
The decoupling used here was chosen because it seems to be required by 
certain theoretical and phenomenological criteria. 
12 
C H A P T E R II 
REVIEW O F G R E E N FUNCTION T H E O R Y 
Properties of Green Functions 
The following review of the properties of the temperature -
dependent, double-time Green functions is patterned after the more 
general presentation in a review paper by Zubarev. ^  The retarded 
and advanced Green functions for a pair of Heisenberg operators A(t), 
B(t) is defined as follows 
(4) 
e(t) = 1 if t > o 
0 if t < o 
where the square brackets indicate the commutator and the angular 
brackets indicate an average over the canonical ensemble: 
1 3 
< A ( t ) > = Q " 1 { e x p ( - p 3 C ) A ( t ) } (5) 
Q = T r | e x p ( - 0 3 C ) } 
T h e s y m b o l p r e p r e s e n t s t h e i n v e r s e o f t h e p r o d u c t o f B o l t z -
m a n n ' s c o n s t a n t a n d t h e a b s o l u t e t e m p e r a t u r e , Q i s t h e p a r t i t i o n 
f u n c t i o n , a n d T r i n d i c a t e s t h e s u m o f t h e d i a g o n a l m a t r i x e l e m e n t s o f 
t h e o p e r a t o r i t p r e c e d e s . 
T h e f o l l o w i n g t i m e c o r r e l a t i o n f u n c t i o n s w i l l b e n e c e s s a r y . 
f a b W 
= < A ( t ) B ( o ) > ( 6 ) 
F B A ( t ) 
= < B ( o ) A ( t ) > 
T h e t i m e c o r r e l a t i o n f u n c t i o n s d o n o t c o n t a i n t h e s t e p f u n c t i o n 
0 ( t ) a n d a r e d e f i n e d f o r t = 0 w h e r e t h e y g i v e t h e e x p e c t a t i o n v a l u e f o r 
p r o d u c t s o f o p e r a t o r s , F ( o ) = ( A B ) . 
T h e s p e c t r a l r e p r e s e n t a t i o n o f t h e t i m e c o r r e l a t i o n f u n c t i o n s 
i s o b t a i n e d b y c o n s i d e r i n g t h e e i g e n f u n c t i o n s | C ) a n d e i g e n v a l u e s E 
o f t h e H a m i l t o n i a n 5C. 
1 4 
B y u s i n g t h e d e f i n i t i o n o f a v e r a g i n g o v e r t h e c a n o n i c a l e n s e m b l e , 
< >, F ( t ) c a n b e w r i t t e n : 
< B ( o ) A ( t ) > = Q _ 1 I < C | B ( o ) A ( t ) | C > e x p ( - 3 E ) ( 8 ) 
v v 
w h e r e 
- I 
Q = L e x p ( - 3 E ) 
i r V 
B y t h e c o m p l e t e n e s s p r o p e r t y o f t h e s e t | C ^ ) a n d t h e d e f i n i t i o n o f A ( t ) 
i n u n i t s s u c h t h a t h = 1 , 
A ( t ) = e x p ( - i K t ) A ( o ) e x p ( i K t ) ( 9 ) 
E q . ( 8 ) c a n b e w r i t t e n 
< B(o) A ( t ) > = Q < C |B(o) I C > < C I A(o) |C > ( 1 0 ) 
V 1 1 U U 1 1 V 
V u 
X e x p ( - 3 E - i ( E - E ) t ) 
V V u 
a l s o 
< A ( t ) B ( o ) > = Q " LL <C | A ( o ) | C > < C | B ( o ) | C > ( 1 1 ) 
V 1 1 U U 1 1 V 
V u 
X e x p ( - £ E + i ( E - E ) t ) 
V V u 
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By interchanging u and v in Eq. (11), Eq. (10) and (11) can be 
written 
F (t) = J(uo) exp(-iuot) dim (12) 
F A - D ( t ) = J(uu) exp(i out) exp( (3 uu) d uu Ar? *J 
where 
J(<!)) = (13) 
- I I Q ~ LL (C |A(o)|C ) <C |B(o)|C >exp(-pE ) 6(E -E -u>) 
u v v
1 1
 u u 1 1 v u u v 
The function J(uu) is the spectral intensity of ^\g^(t). 
The spectral representations of the advanced and retarded Green 
functions are obtained from the spectral representations of the time 
correlation functions. The Fourier component of G (t), G (E), is 
r r 
defined as 
G r(t) = G^ (E) exp(-iEt)dt (14) 
G'(E) = ^ 
r 2 tt J r 
— 0 0 
G (t) exp(iEt) dE (15) 
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B y u s i n g t h e d e f i n i t i o n o f G ( t ) , E q . ( 4 ) , a n d E q . ( 1 2 ) , G ^ ( E ) 
c a n b e w r i t t e n i n t e r m s o f J(u)) 
G>> = Tk f 6 X p U E t ) 9 ( t ) ( F A B - F B A > d t 
( 1 6 ) 
CO U J 
= J J ( w ) ( e x p ( M - 1 ) — J e x p ( t f E - < u ) } 9 ( t ) d t du) 
T h e s t e p f u n c t i o n 0 ( t ) c a n b e w r i t t e n i n t h e f o r m 
« ( t ) - l i m _ _ L f e x P < -***) d x 
0 ( t )
 " e - 0 + 2 n J x + i e d x 
( 1 7 ) 
T o v e r i f y E q . ( 1 7 ) , c o n s i d e r x a s t h e r e a l p a r t o f a c o m p l e x 
v a r i a b l e a n d t h a t t h e i n t e g r a l i s t a k e n o v e r o n e o f t h e c o n t o u r s s h o w n 
b e l o w . 
t > 0 t < 0 
1 7 
T h e i n t e g r a n d h a s a p o l e i n t h e l o w e r h a l f p l a n e a t x = - i e . 
W h e n t > 0 t h e c o n t o u r m u s t b e c l o s e d i n t h e l o w e r h a l f p l a n e a n d t h e 
r i g h t s i d e o f E q . ( 1 7 ) i s e q u a l t o o n e b y C a u c h y ' s I n t e g r a l L a w . If 
t > 0 t h e n t h e c o n t o u r m u s t b e c l o s e d i n t h e u p p e r h a l f p l a n e a n d d o e s 
n o t e n c l o s e t h e p o l e , s o t h e r i g h t s i d e o f E q . ( 1 7 ) i s z e r o . S i n c e t h e s e 
a r e t h e d e f i n i n g p r o p e r t i e s o f 9 ( t ) , a s g i v e n b y E q . ( 4 ) , E q . ( 1 7 ) i s 
v a l i d . 
N o w o n e f a c t o r i n t h e r i g h t s i d e o f E q . ( 1 6 ) c a n b e w r i t t e n 
e x p ( i ( E - a ) t J 0 ( t ) d t = — 
e x p ( ^ i ( E - u j - x ) t ) dx; d t ( 1 8 ) 
x + i e 
S i n c e 
1 
E -uu+ i e 
2 t t e x p ( j L ( E - u u - x ) t J d t = 6 ( E - u u - x ) ( 1 9 ) 
T h u s t h e F o u r i e r c o m p o n e n t o f G ( t ) , E q . ( 1 6 ) i s g i v e n b y 
r 
G ' ( E ) = L I M . 
r e -* 0 2 T T J — — E -uu+ i e 
( 2 0 ) 
1 8 
A similar calculation for the advanced Green function yields 
G 1 (E) = l i n \ -L- f G x p ( 6 o ) ) - l ) j ( a ) ) d u ) ( 2 1 ) 
a e -* 0+ 2 n J — : 
— CO E -uu - i e 
A n important property of G^(E) is that it can be continued 
analytically into the upper complex plane for E = a + iX where X > 0. 
W h e n X > 0 the limit e -* 0 + can be taken by setting e = 0. Similarly 
t 
G (E) can be continued analytically into the lower complex plane 
cL 
(X < 0 ) . In this case 
G* (E) = lim,, G' (E + ie) (E real) (22) 
r £ -» u T r 
G (E) = l i T n + G (E -ie) 
a G —»0 a 




q + (V ( E + i e ) - G ^ ( E - i e f ) ( 2 3 ) 
= - i ( e x p ( 3 E ) - f ) J ( E ) 
1 9 
where E is real since 
U
™ = — —
 l
— = - 2 n i 6 ( E - ( j u ) ( 2 4 ) 
e - O E - u u + i e E - u u - i e 
Equations (22) and (12) can be used to write the time dependent 
correlation functions in terms of the Green function. 
F A B ( t ) = A(t) B(o) (25) 
lim . p exp(-iuut) f r*x i . • \ / • \^ 
„+ -i — — , — - — r ~ T " I G (u) + i e ) - G (ou - i e ) ) 
- » 0 + J exp - Buo)-l V r a V r e x p ( - i m t ) , r , . ^ ^ /... ^ \ ^ d u , 
Therefore if solutions for the Green functions can be found, so 
can those physical properties which are determined by the time correla 
tion function. 
Green Function for the Heisenberg Magnet 
For the case where only the nearest neighbor interaction is of 
importance, the Heisenberg Hamiltonian, Eq. (2) can be written as 
K = J IX f s f S ? \ . + S x S x _ + SySy^S)-2\iul S Z ( 2 6 ) 
where j is s u m m e d over the lattice and 6 is s u m m e d over the nearest 
neighbor vectors. 
2 0 
S i n c e t h e r a i s i n g a n d l o w e r i n g o p e r a t o r s a r e d e f i n e d b y 
S + = S X + i S y ( 2 7 ) 
J J J 
ST = S X - i S y 
J J J 
a n d h a v e t h e c o m m u t a t i o n r u l e s 
( ~ S + , S f ] = 2 S * 6. . 
L j I J k j , I ( 2 8 ) 
T S± , S Z 1 = + S ± 6 . . 
L J I J J j > 1 
E q u a t i o n ( 2 6 ) c a n b e w r i t t e n 
I I Csfsf,, + S + S ~ V 2 | j l h I S Z ( 2 9 ) K = - J 
T h e p a r t i c u l a r f i r s t o r d e r , o r o n e p a r t i c l e , G r e e n f u n c t i o n u s e d 
i s d e f i n e d a s 
G ( j , t ) = - i 9 ( t ) <[s"(t). S + ( o ) ] > ( 3 0 ) 
0 ( t ) = 1 i f t > 0 
0 i f t < 0 
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The equation of motion of G ( j , t) is 
^ - G ( j , t ) = 6 ( t ) < [s"(t), S + ( o ) ] > ( 3 1 ) 
+ 9 ( T )
 < [ I S ; ( T ) - S O ( 0 ) ] > 
The time derivative of the operator is given by (for ft = 1) 
^ S - ( t ) = [sAt),K] ( 3 2 ) 
Using Equations (20), (28), and (29), Eq. ( 31)becomes 
i - ^ G ( j , t ) = 2 6 ( t ) 5 . ( S Z ) + 2 n H G ( j , t ) (33) 
+ 2Ji0(t)I < Ts* (t)S."*(t), S+(o)l> 
6 L j+6 j o J 
- 2 JiG(t)I < TsZ(t) S" (t), S +(o)l > 
6 L J J+6 o J 
where 6(t) is the Dirac delta function and 6. is the Krone eke r delta, 
J 
6. ^. The right side of Eq. (33) contains two terms which involve higher 
order Green functions when the S. operator in the commutator is 
expanded in terms of S + a n d S. operators. For example 
J J 
2 2 
S Z = S - S " S + ( f o r S = 1 / 2 ) ( 3 4 ) 
J J J 
1 9 
T h e m e t h o d o f d e c o u p l i n g u s e d h e r e w a s o r i g i n a t e d b y C a l l e n , 
a n d i s m o s t e a s i l y d e s c r i b e d f o r t h e c a s e S = 1 / 2 . I n a d d i t i o n t o 
E q . ( 3 4 ) , S . c a n a l s o b e w r i t t e n 
J 
S Z = 1 / 2 ( S + S . " - S . " S + ) ( 3 5 ) 
J J J J J 
b y r e w r i t i n g E q . ( 2 8 ) . B y m u l t i p l y i n g E q . ( 3 4 ) b y a n a r b i t r a r y p a r a m e t e r 
a a n d E q . ( 3 5 ) b y (1 - a ) a n d a d d i n g i t f o l l o w s t h a t : 
S Z = a S + ( 1 / 2 ) ( 1 - a ) S + S . " - ( 1 / 2 ) ( 1 +a)S~S+ ( 3 6 ) 
J J J J J 
U s i n g E q . ( 3 6 ) i n t h e s e c o n d t e r m o n t h e r i g h t s i d e o f E q . ( 3 3 ) p r o d u c e s : 
< [sf+5(t) S " ( t ) , S + ( o ) ] = a S < [ S " ( t ) , S + ( t ) ] > ( 3 7 ) 
+ dA)(i-a)([s;+6(t)s;+6 ( t ) S . ( t ) , S T ( o J o > ] > 
- ( 1 / 2 ) (1 - a ) < [s."+fi(t) S + + 6 ( t ) S ."(t) , S + ( o ) ] > 
23 
The higher order Green functions are decoupled in the following 
symmetric way: 
< [V+6(t) s:+6(t)s;(t), s+(o)] > - <s;+6(t)s;+6(t)> <[s;<t). so+(o)]> 
+ <S;(t)S+^ (t)> < |"s; ( t ) , S + ( o ) l > (38) 
j j+S L j + o o J 
This is analogous to the Hartree-Fock procedure in second quantization 
20 
theory. After decoupling Eq. (37) becomes; 
< rsf^.C^SrCt), S + ( o ) l > = < S Z > < [V(t), S + ( o ) l > (39) 
L j+6 j o J j L j o J 
-a<S.-S. +
 6)<[s;+6(t), S o(o)]> 
W h e n no times are shown for operators, all of the operators in the 
angular brackets are at the same time making the resulting expectation 
value independent of time. Also since (S. ) is independent of j, it m a y 
be written simply (S ). The third term on the right of Eq. (33) is 
identical to the second if the subscripts j and j + 6 are interchanged. 
A s Callen points out, if a is set equal zero, the result will be 
the same as setting the operator S. in Eq. (33) equal to the number 
2 4 
2 
< S ) . T h i s i s w h a t T y a b l i k o v d i d a n d o b t a i n e d s p i n w a v e e n e r g i e s a t 
2 
l o w t e m p e r a t u r e s p r o p o r t i o n a l t o ( S ) w h i c h w o u l d d e c r e a s e l i k e 
3 / 2 
(1 - c T ) i n d i s a g r e e m e n t w i t h s p i n w a v e t h e o r y ' s p r e d i c t i o n o f a 
^ 5 / 2 ^
 J 7 , 1 4 , 1 5 , 1 9 , 2 2 T T . 1 A i _ • i _ (1 - c T ) d e p e n d e n c e . H i s r e s u l t s o v e r t h e h i g h e r 
t e m p e r a t u r e r a n g e a r e i n a g r e e m e n t w i t h t h e p r e s e n t r e s u l t s . 
C a l l e n r e a s o n e d t h a t a s h o u l d b e a p p r o x i m a t e l y e q u a l t o u n i t y 
w h e n (S ) = S b e c a u s e a n a p p r o x i m a t i o n o f S. b a s e d o n E q . ( 3 2 ) 
J 
w o u l d b e m o r e a c c u r a t e i n t h i s r e g i o n o f t e m p e r a t u r e . A l s o h e 
2 
r e a s o n e d t h a t a s h o u l d g o t o z e r o a s ( S ) - » 0 s i n c e a n a p p r o x i m a t i o n 
2 
o f S . b a s e d o n E q . ( 3 5 ) s h o u l d b e m o r e a c c u r a t e . A s s h a l l b e s h o w n 
J 
l a t e r , t h e s e s a m e r e q u i r e m e n t s a r e n e c e s s a r y i n o r d e r t h a t a g r e e m e n t 
w i t h s p i n w a v e t h e o r y s h a l l b e o b t a i n e d a t l o w t e m p e r a t u r e s 
( < s z > = s ) a n d t h a t a f i n i t e C u r i e t e m p e r a t u r e s h a l l e x i s t . T h e t e r ­
m i n a t i o n f u n c t i o n , a , c h o s e n b y C a l l e n w a s ( S Z ) / 2 S ^ f o r a r b i t r a r y S . 
S i n c e t h e r e q u i r e m e n t s a b o v e d o n o t c o m p l e t e l y d e t e r m i n e a , t h e f i r s t 
s t e p o f t h i s w o r k w a s t o f i n d a d d i t i o n a l p h y s i c a l c r i t e r i a t h a t w o u l d m o r e 
c o m p l e t e l y d e t e r m i n e a - T h i s d e t e r m i n a t i o n i s c o v e r e d b y C h a p t e r V . 
T h e r e s u l t i n g f u n c t i o n i s 
z 3 4 
a = < S > /2S ( 4 0 ) 
2 5 
There will be more discussion on this form later. For the rest 
of the development of the Green function equations a will be left arbi­
trary. The equation of motion for G(j, t), Eq. (33), can now be written 
as: 
( i | _ . ^ H + 2 J Y o ( < S z > + a < S ^ S - » ) G ( j > t ) (41) 
- 2 j l Q < S Z > + a < sV">}G(j+ 6,t) = 26(t)6(j) <S Z> 
Looking back over Eq. (4) and (30) through (41) it can be seen 
that Eq. (41) would be equally valid if G(j, t) had been defined as the 
advanced Green function rather than the retarded Green function. By 
Eq. ( 2 5 ) 
<Vt)so+<°^> =
 e"T0+ - 1 j " ^ ^ C G , o - » + i ^ G , « ' » - i 8 > 
— co 
In order to find G*(j, uu), G(j, t) in Eq. (41) is replaced by the 
expression on the right side of Eq. (14) 
2 6 
0 0 
- 2 j l ( <S Z>+ a<S+S~> ) G'(j+ 6 , E ) | exp(-iEt) dE 
= 2 6(t)6. <SZ> 
J 
By multiplying both sides of Eq. ( 4 3 ) by (1/2 tt ) exp(iujt) and 
integrating over t one obtains 
(ji) - 2 n H + 2 J Y q ( < S Z > + a (S+S'^G 'C j .u) ) ( 4 4 ) 
- 2 j l ( <SZ> + a<S+s:»G'(j+6,u)) = t t " 1 <S Z > 6 . 
6 ° 6 J 
Notice that (S*S > is independent of the particular nearest neighbor 
o 6 
vector 6 and can be moved out of the summation. At this point it is 
convenient to represent G (j, uo) as 
G'tj.uo) = £ L G'(k, uo) exp(ik'• j) (45) 
k1 
r { i4l - 2 ^ H + 2JY ( < s Z > + a<S +S">)G'(j,E) ( 4 3 ) J L at - o o o 
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where k ranges over the set of N vectors defined after Eq. (3). By-
using Eq. (45) within Eq. (44) and then multiplying by exp(-ik • j) and 
summing over j, Eq. (44) becomes 
[UD - 2 u H ' +2J( <S z> + a< S^S^))(Y q - Y f c) ] G'(k, uu) (46) 
= TT <S > 
The solution to this equation is 
-1 . z . 
G(Ku) = n ^ > (47) 
uu + E 
k 
where 
E = -2|iH' +2J(<S Z> + a < S + S " >)( Y - y, ) (48) k o o o k 
It is now apparent that the temperature dependent renormalized 
energies, E^, are dependent on the termination function, a-
By using Eq. (47) and (45) in Eq. (42) 
2 8 
< s : ( t ) S + ( o ) > = ( 4 9 ) 
J ° 
l i m 
G^0~ k 
I K S Z ) f e x p l i k - j - i ^ t ) / - 1 I N 
 n N
 J _ e x p ( - p u ) ) - ! V u ) + E k + i e uu+E - i e > 
A g a i n u s i n g E q . ( 2 4 ) 
< s ; < t ) s (o)+> = 5_<|!L I "P^i- f r** ( s o ) 
j o N k e x p ( p E k ) - l 
F o r t h e c a s e S = 1 / 2 , t h e r e l a t i v e m a g n e t i z a t i o n i s g i v e n b y 
M = 2 < S Z > = 2 S - 2 < S Q S O > ( 5 1 ) 
U t i l i z i n g t h e e x p r e s s i o n f o r ( S Q ) f r o m E q . ( 5 0 ) 
M = 1 -
 4
 < > I . * . , ( 5 1 a ) 
N
 k e x p ( 0 E k ) - 1 
E q . ( 5 1 ) m a y b e w r i t t e n i n t h e f o r m 
M =




$ = I I e x P < i k - J> (51c) 
*j N £ exp(6E k)-l ^ i c ; 
The magnetic energy of the spin system can be evaluated by 
finding the expectation value of the Hamiltonian, Eq. (26). 
(K) = - NJ
 Y (( SZSZ) + < S + S : > \ h 2 N n H <S Z > (52) 
o v o o o 6 y 
The correlations of the z components appearing in Eq. (52) m a y be 
written in the following form for S = 1 /2 . 
(SZSZ > = <(S - S ' S + ) (S - S"V)> (53) 
o 0 o o 0 0 
= S 2 - 2 < S " S + > + <S"S + S"S^> 
o o o o 6 6 
In order to find the last term on the right of Eq. (53) exactly 
it is necessary to have a solution for the second order Green function 
involving four operators. In the spirit of this work it can be contracted 
by the same procedure that was used to contract the second order Green 
function. 
30 
<S"S +sV> <S"S +> <S"V> +
 a<S"S+> <S +S"> (55) 
0000,00 06 00 00 
When this is done Eq. (52) and (53) become 
2 2 
< S Z S Z > = <S Z> + a(S'sZ) (56) 00 00 
(K) = - N J Y ((SZ) + <S~S+> + <X<S~S^ r) (57) 
o V 00 o 6 Y 
All of the expectation values on the right side of Eq. (57) can now be 
calculated by using Eq. (50), (47), and (40). Once < K) is known as a 
function of temperature the specific heat, d <3C)/dT, and the entropy, 
dS = d (K) / T, can be obtained. 
Extending the Results to S >l/2 
The following technique for calculating (S ) for S > 1/2 is due 
19 
to Callen. He used the following Green function 
G(a,j,t) = -i9(t) < [s~(t), exp(aSZ(o)^sV)]> (58) 
which reduces to the Green function defined in Eq. (30) when a = 0. 
The equations of motion and termination procedure, Eq. (31) through 
31 
( 4 4 ) , are essentially the same for G(a, j,t) except for obvious substitu­
tions. For example Eq. ( 4 4 ) will become 
(w- 2\j.H+ 2JYq( <S Z> + a < S * S ~ > ^ G ' (a,j,uu) (59) 
- 2ll ( <S Z> + a < S + S' > ) G ' ( a , j.iu) 
c o 6 
6 
= - ^ - (Ts;, exp(-aS Z)S +l > 2 TT L j o o J 
Equation (50) becomes 
<S."(t) exp(aSZ(o)^)S+(o)> (60) j v. o y o 
= - ( £ s 0 > exp(aS z)S*J> ^ ^ikj-iuut 
N k exp(3E k) - 1 
where the E remain unchanged from Eq. ( 4 8 ) . Callen's technique 
k 
requires the following definitions 
3 2 
(3(a) = < [ S " e x p ( a S Z ) , S+l > ( 6 1 ) 
. L o o o J 
0 ( a ) = < e x p ( a S Z ) > ( 6 2 ) 
o 
cp (a) = < S " e x p ( a S Z ) S + > ( 6 3 ) 
^ o o o 
D = ~r~ ( 6 4 ) d a 
E q u a t i o n ( 6 0 ) i m p l i e s 
cp (a) = - $ p ( a ) ( 6 5 ) 
^ o 
w h e r e $ w a s d e f i n e d i n E q . ( 5 1 c ) . 
o 
T h e f o l l o w i n g i d e n t i t y c a n b e p r o v e d v a l i d f o r a l l v a l u e s o f n b y 
m a t h e m a t i c a l i n d u c t i o n . 
[ S o ' ^ o ^ ] = i(So • 1 ) n - ( S o ) n } S o ( 6 6 ) 
T h i s i m p l i e s t h a t 
[S+, e x p ( a S Z ) l = ( e " a - 1 ) e x p ( a S Z ) S + ( 6 7 ) 
L o o J o o 
3 3 
a n d t h a t 
P(a) = < S " r e x p ( a S Z ) , S + l + rs",S+l e x p ( a S Z ) > ( 6 8 ) 
o L o 0 J L 0 0 J o 
= ( 1 - e " a ) < S " e x p ( a S Z ) S + > - 2 < S Z e x p ( a S Z ) > 
o o o o o 
E q u a t i o n ( 6 7 ) c a n b e w r i t t e n 
e x p ( a S Z ) S + = e a S + e x p ( a S Z ) ( 6 9 ) 
o o o o 
a n d u s e d i n E q . ( 6 8 ) a l o n g w i t h t h i s i d e n t i t y f r o m P a u l i s p i n t h e o r y 
, 2 
S " S = S ( S + 1) - S Z - ( S Z ) ( 7 0 ) 
o o o o 
T h e s e r e p l a c e m e n t s p u t E q . ( 6 8 ) i n t h e f o r m 
0 ( a ) = S ( S + 1 . ) ( e a - 1 ) < e x p ( a S Z ) > ( 7 1 ) 
o 
2 
- ( e a + 1) < S Z e x p ( a S Z ) > - ( e a - 1 < ( S Z ) e x p ( a S z ) > 
o o o o 
3 ( a ) = S ( S + l ) ( e a - l ) Q . ( e a + l ) D Q . ( e a . l ) D 2 Q ( 7 2 ) 
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B y u s i n g E q . (69) a n d (70),Eq. (63) b e c o m e s 
cp(a) = e a[s(S+ 1) Q - D Q - D 2 QJ (73) 
N o w E q s . (65), (72) a n d (73) c a n b e u s e d t o f i n d t h e d i f f e r e n t i a l 
e q u a t i o n f o r Q i n t e r m s o f S a n d $ . 
o 
2 (1 + $ ) e a + $ 
D Q + o o D O - S ( S + 1 ) 0 = 0 (74) 
( l + $ ) e a - $ 
o o 
T h e t w o b o u n d a r y c o n d i t i o n s r e q u i r e d t o s o l v e E q . (74) u n i q u e l y 
a r e g i v e n b y E q . (62) 
Q(o) = 1 (75) 
a n d b y t h e o p e r a t o r i d e n t i t y 
S 
z 
~JJ~ ( S * - p ) = 0 (76) 
p = - S 
35 
which by using Eq. (62) can be written 
S 
"YJ" (D- p) Q(o) = 0 (77) 
p = - S 
The solution to Eq. (74) satisfying the boundary conditions, 
Eqs. (75) and (77), is 
_ , 2S+1 -Sa
 x ,2S+1 (S+l)a . . 0(a) = f e - (1+ § ) e ' (78) 
o o 
r x2S+l tl .2S+1 -IT., . a ~| $ Q - 1+ $ ) (1+ § e - § 
_ ° o J L o o_ 
The value of <S > can be found by differentiation. 
<S Z> = DQ(o) = (S-$ ) 2 S + 1 + ( S + l + § ) § 2 S + 1 (79) 
o o o 
/ n x x 2 S + 1 2S+1 (1 + $ ) - $ 
o o 
As expected Eq. (79) reduces to Eq. (50) for the case S = 1/2. This 
22 
result also agrees with earlier work by Tahir-Kheli and ter Haar. 
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C H A P T E R III 
C A L C U L A T I O N A L P R O C E D U R E 
In order to calculate the physical properties of the Heisenberg 
ferromagnet by using the theoretical framework described in the last 






 I / exp(ik- j) 
?j N £ exp(E /k RT) -1 
where from Eq. (46) 
(87) 
E k = ZuH + JL(vo - y k) (88) 
L = 2(<S Z> + a<S +S'> ) (89) 
o 0 
Y , = I exp(ik • 6 ) (90) K
 6 
where 6 as before signifies a nearest-neighbor vector or the set of 
nearest-neighbor vectors. These sums were calculated by using the 
3 7 
A l g o l p r o g r a m c o n t a i n e d i n A p p e n d i x I o n a B u r r o u g h s ' B - 5 5 0 0 c o m ­
p u t e r . I n E q . ( 8 7 ) t h e s i m p l e c u b i c s e t o f k v e c t o r s d i s c u s s e d i n 
C h a p t e r I i s s u m m e d o v e r . H o w e v e r f o r t h e b o d y - c e n t e r e d - c u b i c a n d 
f a c e - c e n t e r e d - c u b i c l a t t i c e s , i n s t e a d o f a d d i n g a d d i t i o n a l s e t s o f p o i n t s 
t o t h e s u m m a t i o n i t i s e a s i e r t o a s s i g n a d d i t i o n a l s e t s o f e n e r g y v a l u e s 
2 2 
t o t h e b a s i c s e t o f k v e c t o r s . T h i s p r o c e d u r e i s e q u i v a l e n t t o t h a t 
u s e d f o r t h e " o p t i c a l m o d e s " i n l a t t i c e v i b r a t i o n t h e o r y . I f t h e l a t t i c e 
c o n s i s t s o f L b y L b y L l a t t i c e u n i t s ( L L L = N / q ) , t h e n 
x y z x y z 
k = ( k , k , k ) w h e r e k = 2 n n / L , e t c . , a n d n , n , n a r e i n t e g e r s , 
x y z x x x x y z 
0 < n < L. , e t c . F o r t h e s i m p l e c u b i c l a t t i c e w h e r e t h e n u m b e r o f 
x x 
a t o m s p e r u n i t c e l l , q , i s o n e , t h e r e i s o n l y o n e " m o d e o f o s c i l l a t i o n " 
a n d 
Y - V , = 6 - 2 c o s ( k ) - 2 c o s ( k ) - 2 c o s ( k ) ( s c ) ( 9 1 ) 
o k x y z 
F o r b o d y - c e n t e r e d - c u b i c w h e r e q = 2 a n d f a c e - c e n t e r e d - c u b i c 
w h e r e q = 4 , t h e r e w i l l b e q " m o d e s o f o s c i l l a t i o n " i n d i c a t e d b y t h e m u l ­
t i p l e s i g n s i n t h e f o l l o w i n g e q u a t i o n s . F o r b o d y - c e n t e r e d - c u b i c 
Y - Y i = 8 + " 8 c o s ( k / 2 ) c o s ( k / 2 ) c o s ( k / 2 ) ( b c c ) ( 9 2 ) 
o K x y z 
a n d f o r f a c e - c e n t e r e d c u b i c 
3 8 
Y Q - Y k = 1 2 + 4 c o s ( k x / 2 ) c o s ( k / Z) ( f e e ) ( 9 3 ) 
t 4 c o s ( k / 2 ) c o s ( k / Z) 
+ 4 c o s ( k / 2 ) c o s ( k / 2 ) 
E a c h m o d e i s s u m m e d o v e r k. 
T h e p r o b l e m i s t o f i n d s e l f c o n s i s t e n t s o l u t i o n s t o E q . ( 8 7 ) f o r 
j = 0 , 6 a n d t o E q . ( 8 8 ) , s i n c e L i s a f u n c t i o n o f $ & b y E q s . ( 4 0 ) , ( 4 8 ) , 
( 7 9 ) , a n d ( 8 9 ) . T h e f o l l o w i n g t e c h n i q u e i s u s e d t o f i n d s o l u t i o n s f o r z e r o 
a p p l i e d f i e l d w i t h o u t r e i t e r a t i o n . D e f i n e 
w h e r e 9 i s t h e t e m p e r a t u r e m u l t i p l i e d b y B o l t z m a n n ' s c o n s t a n t a n d 
d i v i d e d b y t h e e x c h a n g e c o n s t a n t . 
E q u a t i o n ( 8 7 ) c a n b e w r i t t e n i n t e r m s o f R 
R = k T / J L = 9 / L ( 9 4 ) 
N 
( 9 5 ) 
3 9 
T h e c o m p u t e r i s n o w u s e d t o f i n d $ a n d $ . f o r a f i x e d v a l u e 
0 6 
o f R . N e x t L( $ , 5 , S ) i s f o u n d f r o m E q s . ( 4 0 ) , ( 4 8 ) , a n d ( 7 9 ) . T h e 
o 0 
r e q u i r e m e n t f o r s e l f c o n s i s t e n c y i s s a t i s f i e d if f i n a l l y t h e r e d u c e d t e m ­
p e r a t u r e , 9, i s s e t e q u a l t o L R , w h e r e R i s t h e v a l u e i n i t i a l l y c h o s e n . 
A s t h e p a r a m e t e r R i s s t e p p e d f r o m 0 t o 0° b y t h e c o m p u t e r , v a l u e s o f 
a l l t h e t e r m s of i n t e r e s t a r e o b t a i n e d f o r a s e t o f v a l u e s of 9 f r o m z e r o 
t o t h e C u r i e p o i n t , 9 , w h e r e ( S ) , L , a n d a l l E g o t o z e r o . 
R e s u l t s f o r 9 > 9^ c a n b e o b t a i n e d if 2 ( J . h ' i s s e t e q u a l t o a n o n 
z e r o v a l u e a n d t h e l i m i t t a k e n a s 2 ( j H * -» 0. E x p e r i e n c e w i t h t h e s e c a l ­
c u l a t i o n s h a s s h o w n t h a t i f 9 i s m o r e t h a n 2 % g r e a t e r t h a n 0 , t h e 
r e s u l t s f o r s u s c e p t i b i l i t y , s p e c i f i c h e a t , a n d e n e r g y o f n i c k e l o b t a i n e d 
f o r a v a l u e o f 2 ^iH* e q u i v a l e n t t o a n a p p l i e d f i e l d o f 1 2 5 o e a r e e s s e n t i a l l y 
t h e s a m e a s t h e r e s u l t s f o r 2 | j H -»0 ( s e e F i g . 7 ) . T h e p h y s i c a l p r o p e r ­
t i e s o f i n t e r e s t i n t h i s r e g i o n a r e t h e i n i t i a l s u s c e p t i b i l i t y , 
X = l i m ( H -+ 0 ) M / H , t h e s p e c i f i c h e a t w h i c h i s p r o p o r t i o n a l t o ( S * S^. ) 
i n t h i s r e g i o n ( E q s . ( 5 2 ) a n d ( 5 7 ) ) , a n d t h e c o r r e l a t i o n f u n c t i o n ( S S . ) 
w h i c h i s r e l a t e d t o n e u t r o n m a g n e t i c s c a t t e r i n g . 
F r o m E q . ( 7 9 ) i t c a n b e s e e n t h a t a s ( S ) -» 0 , $ Q ~* 0 0 a n d t h a t i n 
t h i s l i m i t 
< S z > = (S(S + 1)/^J$-1 ( 9 6 ) 
4 0 
a n d f r o m E q . ( 4 8 ) 
< S + S7> = C2S(S+ I)/3) $./$ o j ' V 4 " J j' o ( 9 7 ) 
W h i l e $ a n d $. b o t h b e c o m e i n f i n i t e l y l a r g e a s 2 ( j H ' -»0 a n d 
^ J 
6 >6 , t h e i r r a t i o i s w e l l b e h a v e d ( s e e C h a p . I V ) . 
c 
T h e s p e c i f i c h e a t , C , a n d t h e e n t r o p y , S , a r e c a l c u l a t e d b y 
s t a r t i n g t h e p r o g r a m w i t h a s m a l l v a l u e o f R a n d t h e n i n c r e a s i n g R b y 
s m a l l i n c r e m e n t s s o t h a t e a c h v a l u e o f 9 c a l c u l a t e d i s o n l y s l i g h t l y 
l a r g e r t h a n t h e p r e c e d i n g v a l u e . T h e v a l u e o f < H> i s a l s o c a l c u l a t e d 
b y u s i n g E q . ( 5 2 ) a n d E q . ( 5 7 ) f o r e a c h 9. If t h e s e t o f 9 1 s c a l c u l a t e d 
a r e d e s i g n a t e d b y 9 (9 > 9 . ) a n d t h e c o r r e s p o n d i n g v a l u e of <H> b y 
1
 n n n - 1 
E , a n d i f r\ i s t h e n u m b e r o f a t o m s p e r u n i t v o l u m e o r p e r u n i t w e i g h t 
T h e a c c u r a c y o f E q s . ( 9 8 ) a n d ( 9 9 ) d e p e n d s o n t h e s m a l l n e s s o f t h e 
i n t e r v a l s (9 - 9 .). 
n n - 1 
T h e s u m o n t h e r i g h t s i d e o f E q . ( 8 7 ) h a s a s i n g u l a r i t y i n t h e 
n 
c C ( 0 + 0 J/2") 
v. n n - 1 y 
-(nk /j)(e -e )/(e1-0 ) 
-D n n - i n n- i 
( 9 8 ) 
t e r m f o r k = 0 w h e n 2 | j H -» 0 . I n t h e l i m i t N - + » , t h e s u m b e c o m e s a n 
4 1 
integral and this singularity takes the form k , where k is the distance 
from the origin. This type of singularity does not prevent convergence 
of a three-dimensional integral. For a finite sized crystal the singu­
larity is removed by a small value of 2|j.H' (or by crystalline anisotropy) 
since this term corresponds to a uniform rotation of M away from the 
z-axis. 
Since this thesis is concerned with properties of bulk materials, 
the sums were made to approximate the equivalent integrals. The 
Algol 60 computer program which was used is presented in Appendix I. 
42 
C H A P T E R IV 
B E H A V I O R W H E N M A G N E T I Z A T I O N VANISHES 
W h e n the magnetization, M, vanishes, it is possible to obtain 
the behavior of M just below the Curie temperature, T , the energy 
remaining in the X - Y correlations at T , and the initial susceptibility 
above T by expanding expressions as power series of M and looking 
c 
at only the first few terms. This technique is good only for M < < 1. 
These results are interesting in themselves, and they serve as a check 
on the computer results. 
In order to obtain M(9) as 9 goes to 9 (and $ goes to »), the 
c o 
numerator and denominator on the right side of Eq.(79) are expanded in 
descending powers of $ to obtain 
<S Z >=[s(S+l)/3 ] [ f o 2 S"^(l/2)(2S-l)§ o 2 S" 2+(3/l0)(2S-l)(S-l)$ 2 S^ 3 ] (100) 
£ S + S $ 2 S _ 1 + (S/3)(2S-1)$ 2 S~ 2+... 
o o o 
The expansion is correct to three orders of $ q so that the results will be 
correct to three orders of M = (S >/S. The following algebraic equa­
tion will be used 
43 
( 1 + a X + b X 2 ) " 1 = 1 - aX + (a 2 - b ) X 2 + 0(X 3) (101) 
3 3 
where 0(X ) indicates terms that vanish at least as fast as X when X 
goes to zero. Using Eq. (101), Eq. (100) becomes 
<S Z> = rS(S+ U ^ I I V 1 - 1/2 $~ 2 + a $ " 3 + 0($"4)1 (102) 
L J L o o o o j 
a = 3/10 - S(S+ 1)/15 
z + 
The next step is to expand $ in powers of L» = 2 (S ) + 2a(S S ) 
o o 6 
which is O(M) if a is O(M). 
l_ V 1 
=
 N
 k ex P^( Y o-Y k ) / e)-l U 0 3 ) 
-1 
^ ( Yo - Y k ) 
NL k [l+(l/2)(L/e)(Yo-Yk) + (l/6)(L/e)2(Yo^ )2+0(LV 
Using Eq. (101) once 
$ Q = b 9 / L - 1/2+ y o V 1 2 9 + ° ( l 2 ) U ° 4 ) 
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a n d t h e n u s i n g E q . ( 1 0 1 ) a g a i n 
-
1






[ bYp -, 1 2 J 4 
+ o(IO 
( 1 0 5 ) 
w h e r e 
-a b
 = S ^ ' V o - V ' 1 ( 1 0 6 ) 
I 
a n d s i n c e ZJ Y I , = 0 a s c a n b e s e e n f r o m E q . ( 9 0 ) k k 
* o = Til ( V 0 " V k ) <107) 
U s i n g E q s . ( 1 0 2 ) , ( 1 0 5 ) , a n d M = < S Z > / S 
M = [ ( S + 1 ) / 3 ] [ L A » 0 - d L 3 / 8 3 + 0 ( L 4 ) ] ( 1 0 8 ) 
d = ( 3 + v Q b - 1 2 a ) / l 2 b 3 
It i s i n t e r e s t i n g t o l o o k a t t h e b e h a v i o r o f M a s 8 a p p r o a c h e s 
, x + l 
t o r t e r m i n a t i o n t u n c t i o n s o t t h e f o r m a ( x ) = { £> ) / £ £ 
c 
f o r w h i c h 
8 f r  f f  ( S 2 S = M / 2 S 




<S +S~> = c + e M + f M 2 + 0 ( M 3 ) (110) 
o 6 
the following asymptotic forms are found 
M 2 = 1^— r S g i L . e ) (in) 
d(2S)3(S+l) V 3 b J 
x = 3: 
2 3 b S 0 2 /-2S(S+1) 
M = 
(S+l)(8bdS4-c02) 3 b 
3 > x > l : 
x-l 3bS ^2S(S+1) n 
^
 =
 " cTsTTj ^  3b " V ( 1 1 3 ) 
= 1 (if e = 0): 
3bS9 2 ^(2S 2+c)(S+l) A 
M
 = (S +l)(8bdS 4 + fe 2) " *J (H4) 
where b = 0.2527 (sc), 0.1742 (bcc), 0.1122 (fee). The value of d 
which depends on the lattice type and S can be found from Eqs. (108) 
and (102). The values of c are given by Eq. (118). The computer 
By dropping the 0(L ) terms from Eq. (108) and assuming an expansion 
of <S +S. > in powers of M of the form 
o 6 
4 6 
c a l c u l a t i o n s f o r x = 1 ( C a l l e n 1 s t e r m i n a t i o n ) g i v e M a s a l i n e a r f u n c ­
t i o n o f T f r o m M = 0 . 4 t o M = 0 i m p l y i n g t h a t e i n E q . ( 1 1 0 ) i s z e r o . 
E q u a t i o n s ( 1 1 1 ) a n d ( 1 1 2 ) s h o w t h a t f o r x — 3 t h e a s y m p t o t i c 
b e h a v i o r o f M ( 8 ) a s 9 -• 8 i s g i v e n b y 
c 
M 2 = 5 ( 1 - e/e c) 
V a l u e s o f t h e c o n s t a n t s £ a n d 8 d e r i v e d f r o m E q s . ( I l l ) a n d ( 1 1 2 ) a r e 
c 
s h o w n i n T a b l e s I a n d 2 i n C h a p t e r V . F i g u r e 6 i n C h a p t e r V I s h o w s t h a t 
2 
t h e c o m p u t e r s o l u t i o n f o r d ( M ) / d ( 0 / 0 c ) a p p r o a c h e s f r o m b e l o w a s M -• 0 
t h e v a l u e o f £ f o u n d f r o m E q . ( 1 1 2 ) f o r a f a c e - c e n t e r e d - c u b i c l a t t i c e 
w i t h S = 1 / 2 . 
F o r 3 > x > 1 , E q . ( 1 1 3 ) i m p l i e s t h a t M ( 0 ) i s d o u b l e v a l u e d s i n c e 
8 i n i t i a l l y i n c r e a s e s a b o v e 8 a s M i n c r e a s e s f r o m z e r o . T h i s b e h a v i o r 
c 
i s a l s o a p p a r e n t f r o m t h e c o m p u t e r s o l u t i o n s . 
T h e l i m i t o f ( S + S . ) a s M g o e s t o z e r o c a n b e f o u n d a n d y i e l d s 
o 6 
t h e c o n s t a n t c u s e d i n t h e l a s t s e c t i o n a n d t h e e n e r g y i n t h e X - Y c o r r e l a ­
t i o n s a t t h e C u r i e t e m p e r a t u r e . E q u a t i o n s ( 5 0 ) a n d ( 5 1 c ) c o m b i n e t o y i e l d 
< S * S " > = 2 < S Z > $ ( 1 1 5 ) 
O 0 0 
u s i n g t h e v a l u e f o r ( S ) f r o m E q . ( 1 0 2 ) , t h e r e r e s u l t s 
4 7 
< S S " > = 2 S ( S + 1 ) § / 3 f + 0 ( M ) ( 1 1 5 a ) 
O 0 o o 
T h e f u n c t i o n 
i k - 6 
e 
6 N
 k e x p ( L ( Y o - Y k ) / e ) " 1 
c a n b e a p p r o x i m a t e d n e a r t h e C u r i e t e m p e r a t u r e a s 
Y L Y 
' o o 
S i m i l a r l y 
o y L 
' o 
S o t h a t 
( 1 1 6 ) 
, B ^ ( V k - Y o ) + Y 0 + 0 ( M ° ) 
6 Y Q L N k ( Y Q - Y k ) 
9 b
 + 0 ( M ° ) ( 1 1 7 ) 
M - 0 ^ o ^ = < 2 / 3 > S < S + 1 ) < 1 - 1 A Y O ) ( 1 1 8 > 
w h e r e t h e v a l u e s o f b a r e g i v e n i n t h e t e x t a f t e r E q . ( 1 1 4 ) . V a l u e s o f 
+ - 2 
< S Q S 6 > / S f o r 9 = 0 c a r e s h o w n i n T a b l e I I I , C h a p t e r V I . E q u a t i o n ( 1 1 8 ) 
4 8 
is valid for all terminations such that L. goes to zero as M goes to zero. 
The initial susceptibility above the Curie point can be found by 
putting the 2(jH' term in Eq. (103) and expanding to first order in M and 
H \ If H = m H ' / J then 
exp(jL(Y o-Y k)+ 2H)/e) - 1 
N ~ L. v_ + 2H - L Yi 
o 
6X(2H/L) 
L y + 2H 
o 
where the function X(2H/L) is defined by 
( 1 1 9 ) 
. i y I 
X(X) = -L Y k ( 1 2 0 ) k 1 " 4 . V 
Y + X 
O 
A table of values of X(X) is contained in Appendix I I . 
To the first order for all terminations a(x) with x > 1 , L is 2 S M . 
F r o m Eqs. ( 1 0 2 ) and ( 1 1 9 ) to first order in M 
M = t S + l ) ( 2 S M V 2 H ) ( 1 2 1 ) 
3 9 X ( H / S M ) 
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If a relative inverse susceptibility, X > is defined by 
-1 -
X
 2SJM K ' 
H 
2 S M 
then Eq. (121) can be written 
X"1 = [3X(2X _ 1)/4S(S+1)] 0 - y o/2 (123) 
The behavior of the susceptibility can be understood by writing 
Eq. (123) for S = 1/2 and using the Weiss-Law Curie point, 0 = v /2. 
uu o 
X " 1 = X(2x"S 0 - 0 ( 1 2 4 ) 
uu 
X ( o o ) = 1 
Mo) = 1- 5164 (sc) 
= 1.3932 (bcc) 
= 1.3447 (fee) 
If X(2x *) were always unity, Eq. (124) would agree with the 
Weiss molecular field model results. As it is, the Weiss law is a lower 
5 0 
limit of x which is approached asymptotically as 9 and x become 
increasingly large as is shown in Fig. 8 in Chapter VI. The values of 
\(o) were obtained by Watson who put Eq. (120) in the form of an 
, 34,35 
elliptic integral. 
The susceptibility given by Eq. (124) agrees with the results 
from direct computation (Figs. 7 and 8). Also since X(o) = bv^ the 
Curie points implied by Eq. (123) agree with those implied by Eq. (112). 
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C H A P T E R V 
C H O O S I N G T H E T E R M I N A T I O N F U N C T I O N 
T h e f o r m a l i s m h a s b e e n d e v e l o p e d u p t o t h i s p o i n t f o r a n 
a r b i t r a r y t e r m i n a t i o n f u n c t i o n , a- R e s u l t s f o r a s e t o f f u n c t i o n s , 
a ( x ) w e r e d e r i v e d i n t h e l a s t c h a p t e r , b u t i n o r d e r t o c h o o s e t h e p r o p e r 
f u n c t i o n a, o n e m u s t g o o u t s i d e o f t h e G r e e n f u n c t i o n f o r m a l i s m t o c o m ­
p a r e w i t h r e s u l t s o f o t h e r s o l u t i o n s o f t h e H e i s e n b e r g m o d e l a n d e x p e r i ­
m e n t . 
L o o k i n g b a c k a t E q s . (94) a n d (95) i t i s a p p a r e n t t h a t t h e s u m s § . 
J 
d e p e n d u n i q u e l y o n R ( R = k ^ T / J L . ) a n d t h e r e d u c e d m a g n e t i c f i e l d H , 
i z + -( H = |j.H / J ) . T h e r e f o r e ( S ) , (S S . ) , a n d a l l o t h e r e x p e c t a t i o n v a l u e s 
^ J 
a r e f u n c t i o n s o f R a n d H . T h e t e r m i n a t i o n f u n c t i o n ' s r o l e i s i n t h e r e l a -
T h e a s s u m p t i o n i s m a d e t h a t a i s a f u n c t i o n o n l y o f ( S ) . T h i s i s 
r e a s o n a b l e s i n c e f o r a f i x e d v a l u e o f a p p l i e d f i e l d , t h e f u n c t i o n s R , 
+ z 
(S S. > , a n d $ . a r e a l l f u n c t i o n s o f (S ) . E q u a t i o n s (50) a n d (89) s h o w 
^ J J 
t h a t $ i s a m o n o t o n i c f u n c t i o n o f (S ) a n d E q . (95) s h o w s t h a t $ i s 
t i o n b e t w e e n R a n d t h e r e d u c e d t e m p e r a t u r e 





also a monotonic function of R; therefore, R is a monotonic function of 
(S >. All expectation values are functions of R and hence are functions 
of (S ). The variables H, S, and lattice structure are contained im-
plicitly in < S ) . 
There is no unique means for determining a; however, there 
follows a number of arguments that indicate the best choice is a(x = 3) 
or 
z 3 4 
a = <S > /2S (126) 
The Heisenberg model is probably a very good model for an 
insulating ferromagnet such as E u O where the E u atoms are on a face-
centered-cubic lattice and seem to have a magnetic moment of 7 Bohr 
magnetons indicating S = 7/2. If the M vs. T curve measured for E u O 
(Ref. (42)) is assumed to represent a Heisenberg ferromagnet, then a 
could be determined over the whole range of O 1 < S > 1 S by using 
Eq. (125) and values of R as a function of (S ) as computed by the 
Green function formalism. A s shown in Fig. 1, the function a given 
by Eq. (126) produces the correct magnetization curve. 
The values of the reduced Curie temperature, 0 , for various 
c 
termination functions, can be compared with the values obtained by high 
temperature series solutions for the Heisenberg model. ^  This is done 
in Table 1. The result of this comparison is that the functions a(x) with 
5 3 
F i g u r e 1 . T h e m a g n e t i z a t i o n of E u O a s m e a s u r e d by-
M a t t h i a s , B o z o r t h , a n d V a n V l e c k c o m p a r e d 
w i t h a t h e o r e t i c a l c u r v e c a l c u l a t e d b y u s i n g 
t h e G r e e n f u n c t i o n t e c h n i q u e . 
5 4 
x > 3, which all give the same Curie point, give better agreement with 
the (l/T) series results than a(l). The functions with x < 1 are ruled 
out because they do not produce a transition and the function with 
1 < x < 3 are ruled out because they imply a first order transition. 
Table 1. Curie Temperatures Given by Use of T w o Different 
Termination Functions in Green Function Formalism 




Calculation S = l / 2 S = l S = <* 
Simple-cubic (v = 6) 
o 
Present work (x = 3) 2.0 2.0 2.0 
Callen (x = 1) 2.7 2.4 
(l/T) S e r i e s 2.0 2.2 2.4 
Body-centered-cubic (v = 8) 
o 
Present work (x = 3) 2.9 2.9 2.9 
Callen (x = 1) 3.7 3.4 
(l/T) Series 2.7 2.9 3.2 
Face-centered-cubic (v = 12) 
o 
Present work 4.5 4.5 4.5 
Callen 5.6 5.3 4.9 
(l/T) Series 4.0 4.4 4.8 
5 5 
A n o t h e r c o m p a r i s o n c a n b e m a d e w i t h t h e b e h a v i o r o>f M a s a 
9 
f u n c t i o n o f H a t t h e C u r i e t e m p e r a t u r e . K o u v e l a n d F i s h e r h a v e 
2 3 
a n a l y z e d d a t a f o r N i c k e l a n d h a v e s h o w n t h a t a t t h e C u r i e p o i n t . 
M ocH024 ( 6 = 0 c ) ( 1 2 7 ) 
T h e y a l s o p o i n t o u t t h a t t h e a p p l i e d f i e l d , H , a n d m a g n e t i z a t i o n , M , o f 
a f e r r o m a g n e t i c s y s t e m a r e t h e r m o d y n a m i c a l l y i s o m o r p h i c w i t h t h e 
p r e s s u r e a n d d e n s i t y o f a g a s . T h e C u r i e p o i n t o f t h e m a g n e t i c s y s t e m 
i s a n a l o g o u s w i t h t h e c r i t i c a l p o i n t o f a g a s w h e r e t h e d e n s i t y , p , a n d 
t h e p r e s s u r e , P , o b e y t h e f o l l o w i n g r e l a t i o n 
I P . P l
 = c | p _ p j 
A t t h e c r i t i c a l p o i n t o f X e , C O , a n d H t h e e x p o n e n t , T , i s 0 . 2 4 o r 
r, o r 2 5 
0 . 2 5 . 
U s i n g t h e a ( x = 3 ) t e r m i n a t i o n f u n c t i o n , M ( H ) a t G = 9 w a s c a l -
c 
c u l a t e d f o r H = 1 2 5 ; 1 0 0 ; 4 1 6 0 ; 1 0 , 0 0 0 o e ( s e e F i g s . 2 , 3 ) . A g r e e m e n t 
w i t h t h e e x p e r i m e n t a l d a t a f o r n i c k e l w a s o b t a i n e d w i t h a v a l u e f o r p. o f 
0 . 6 4 2 B o h r m a g n e t o n s . T h e v a l u e \i = 0 . 6 4 2 p . ^ w a s d e d u c e d b y K o u v e l 
9 
a n d F i s h e r b y c o m p a r i n g t h e b e h a v i o r o f t h e s u s c e p t i b i l i t y o f n i c k e l 
a b o v e t h e C u r i e t e m p e r a t u r e w i t h D o m b a n d S y k e s 1 r e s u l t s f r o m h i g h 
t e m p e r a t u r e s e r i e s e x p a n s i o n s f o r a H e i s e n b e r g f e r r o m a g n e t w i t h s p i n 
1 / 2 . 
5 6 
T E M P E R A T U R E ( U C ) 
F i g u r e 2 . T h e o r e t i c a l m a g n e t i z a t i o n c u r v e s i n t h e 
v i c i n i t y o f t h e C u r i e p o i n t f o r f o u r v a l u e s o f 
a p p l i e d f i e l d . T h e s c a l e s c o r r e s p o n d t o n i c k e l 
T h e c a l c u l a t i o n s w e r e f o r a 6 0 X 6 0 X 6 0 f a c e -
c e n t e r e d - c u b i c l a t t i c e w i t h s p i n e q u a l t o 1 / 2 . 
F i g u r e 3. M a g n e t i z a t i o n a s a f u n c t i o n o f a p p l i e d f i e l d , H , a t t h e C u r i e t e m p e r a t u r e . 
T h e t h e o r e t i c a l p o i n t s w e r e t a k e n f r o m t h e c u r v e s s h o w n i n F i g u r e 2 . T h e 
e x p e r i m e n t a l p o i n t s w e r e m e a s u r e d b y W e i s s a n d F o r r e r . 
58 
The limit of d M /d(T/T^) as M vanishes, § , is very sensitive 
to the termination function. The value of 5 f° r a(x=3) for a face-
centered-cubic lattice for S = 1/2 from Eq. (112) is 5. 19, which is 
much higher than the value 2. 23 for a(x > 3) and the value for a(x=l) 
indicated by computer results of about 1. 7. The Weiss and Forrer 
23 3 
data shown in Fig. 6 indicates that ^ is about 5. 6 for nickel. Belov 
reports a value of 6. 7 for nickel. These results are shown in Table 2. 
Table 2. Results for a F. C. C. Lattice with Spin 1/2 for Termination 
x x+1 
Functions of the Type: a(x) = ( S ) /2S 
Function k B T c / J 
lim 
^ " M - 0 
M 2 
Comments 1 -• T/T 
c 
0 1 x < 1 - x = 0 same as Hartree-Fock 
1 5. 6 1. 7 Callen's function*^ 
1 < x < 3 4. 5 - M(T) double valued 
3 4. 5 5. 2 Present function 
3 < X *L oo 4. 5 2. 3 x = co same as Tyablikov^ 4 
Experiment - 5. 6 - 6 . 7 
23 37 
Weiss-Forrer and Belov 
In general, the results of calculations using a(x=3), Eq. (126), 
have shown good agreement with experimental results from E u O and 
5 9 
nickel and the results of high temperature solutions for the Heisenberg 
model. More of these results are discussed in the next chapter. 
6 0 
C H A P T E R VI 
G E N E R A L R E S U L T S 
All of the results of the calculations are given in terms of the 
dimensionless quantities 9 , M , H defined by 
0 = k BT/j 
M = M ' / ( 2 t h j S ) 




where T is the temperature in degrees Kelvin, H* is the applied field 
in oersteds, and M* is the magnetization per unit weight or per unit 
volume depending on whether r\ is the number of atoms per unit weight 
or per unit volume. 
The lattice type and density of a real material are easily 
determined from non-magnetic measurements; however, values of the 
exchange constant, J, the spin per lattice site, S, and the magnetic 
moment, ji, per atom per unit of spin, fi/2, generally require compari 
son with a particular theory. Since the actual Curie temperature, T , 
6 1 
o f m o s t m a t e r i a l s i s k n o w n , J c a n b e d e t e r m i n e d b y 
J = k T /0 ( 1 3 3 ) 
B c c 
w h e r e 6 d e p e n d s o n t h e t h e o r y u s e d f o r c o m p a r i s o n . T h e s t e p i n d i -
c 
c a t e d b y E q . ( 1 3 3 ) i s i m p l i e d w h e n c o m p a r i s o n s a r e m a d e o n t h e b a s i s 
o f a r e d u c e d t e m p e r a t u r e s c a l e ( T / T ) . W h e n t h e c o m p a r i s o n i s 
c 
b e t w e e n t h e o r e t i c a l r e s u l t s , a s i n F i g . 4 , t h e i m p l i c a t i o n i s t h a t a d i f ­
f e r e n t v a l u e of J f o r e a c h t h e o r y h a s b e e n u s e d . F o r r e a l m a t e r i a l s 
t h e r e m a y b e s m a l l c h a n g e s i n J a t h i g h t e m p e r a t u r e s d u e t o l a t t i c e 
e x p a n s i o n o r c h a n g e s i n t h e c o n d u c t i o n b a n d o c c u p a t i o n . 
T h e m a g n e t i c m o m e n t , p , c a n b e d e t e r m i n e d a t l o w t e m p e r a ­
t u r e s w h e r e M = 1 b y u s i n g E q . ( 1 3 1 ) . T h e v a l u e o f p f o r n i c k e l f r o m 
t h i s m e t h o d f o r S = 1 / 2 i s 0 . 6 0 6 p , w h i l e t h e v a l u e w h i c h b e s t a g r e e s 
w i t h t h e H e i s e n b e r g m o d e l a t t e m p e r a t u r e s a r o u n d t h e C u r i e p o i n t i s 
9 
0 . 6 4 2 p . T h e m a g n e t i c m o m e n t o f a f r e e e l e c t r o n , n , c a n b e r e -
d u c e d i n a c r y s t a l b y a m i x i n g o f S s t a t e s b y t h e c r y s t a l l i n e f i e l d a n d 
2 6 2 7 
b y a n e g a t i v e m a g n e t i c p o l a r i z a t i o n o f t h e c o n d u c t i o n e l e c t r o n s . 
N e u t r o n d i f f r a c t i o n e x p e r i m e n t s m a y e v e n t u a l l y d e t e r m i n e w h e t h e r t h e 
a p p a r e n t c h a n g e i n t h e m a g n e t i c m o m e n t i s a r e a l e f f e c t o r w h e t h e r i t 
2 8 2 9 3 0 
i s a d e f i c i e n c y of t h e H e i s e n b e r g m o d e l w h e n a p p l i e d t o n i c k e l . 
F i g u r e 4 s h o w s t h e m a g n e t i z a t i o n c u r v e f o r n i c k e l c o m p a r e d t o t h e t h e o ­
r e t i c a l c u r v e s f o r p = 0 . 6 0 6 p a n d p = 0 . 6 4 2 p _ f r o m t h e p r e s e n t 
62 
calculations on a T/T temperature scale. The results of using 
Callen's termination function, a(x=3), with p= 0.606|i is also shown 
for comparison. The magnetization curves for a b. c. c. lattice with 
S = 1 is compared with iron in Fig. 5. 
Equation (112), which was derived by taking the first two non-zero 
terms in a power series expansion of M , showed that as M approaches 
zero, M 2 approaches - (T/T^)) where ? is 5. 2 for a f. c. c. lattice 
2 
with S = 1/2. Figure 6 shows d(M )/d(T/T^) derived by the calculations 
for a f. c. c. lattice with S = 1/2 and the values for nickel measured by 
2 
Weiss and Forrer. The curves show that d(M )/d(T/T ) approaches ^ 
c 
2 
only as M approaches zero. The decrease in d(M )/d(T/T ) is very 
rapid when plotted on a (T/T ) scale since M = 0. 1 corresponds to a 
value of (T/T ) about 0. 998. 
c 
The inverse initial susceptibility, x calculated from 
Eq. (123) is shown in Fig. 7 in units that correspond to nickel. Also 
shown are values of H / M for four values of H calculated using Eqs. 
(51), (87), and (88). The inverse susceptibilities calculated by the 
9 
Green function equations are lower than the experimental points for 
nickel but approach the experimental values as the temperature in­
creases. Also the calculated susceptibilities vary proportional to 
2 4/3 (T - T ) near the Curie point instead of (T - T ) as predicted by 
c c 
high temperature series for the Heisenberg ferromagnet^ and as is 
9, 31 12 
observed for nickel ' and iron. 
6 3 
0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 
R E L A T I V E T E M P E R A T U R E , T / T C 
F i g u r e 4 . T h e m a g n e t i z a t i o n c u r v e f o r n i c k e l c o m p a r e d 
w i t h t h r e e t h e o r e t i c a l c u r v e s . T h e c u r v e s 
m a r k e d C & G w e r e c a l c u l a t e d u s i n g t h e 
p r e s e n t t e r m i n a t i o n f u n c t i o n a n d t h e t w o 
v a l u e s f o r t h e m a g n e t i c m o m e n t . T h e c u r v e 
m a r k e d C a l l e n w a s m a d e u s i n g C a l l e n ' s 
o r i g i n a l t e r m i n a t i o n f u n c t i o n . 
F i g u r e 5 M a g n e t i z a t i o n c u r v e for iron c o m p a r e d with 
theoretical c u r v e for a b o d y - c e n t e r e d - c u b i c 
lattice with spin equal to o n e . 
6 5 
R E L A T I V E M A G N E T I Z A T I O N , M 
F i g u r e 6 . D e r i v a t i v e o f t h e s q u a r e o f t h e r e l a t i v e 
m a g n e t i z a t i o n w i t h r e s p e c t t o t h e r e l a t i v e 
t e m p e r a t u r e f r o m W e i s s a n d F o r r e r ' s d a t a 
a n d f r o m t h e G r e e n f u n c t i o n e q u a t i o n s . 
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F i g u r e 7 . C a l c u l a t e d i n v e r s e s u s c e p t i b i l i t i e s f o r a f a c e -
c e n t e r e d - c u b i c l a t t i c e w i t h s p i n e q u a l t o 1 / 2 
a n d e x p e r i m e n t a l v a l u e s f o r n i c k e l . T h e 
u n i t s f o r t h e t h e o r e t i c a l v a l u e s w e r e d e r i v e d 
u s i n g a = 0 . 6 4 2 u a n d T = 6 2 7 . 2 ° K . 
B c 
F i g u r e 8. T h e i n v e r s e s u s c e p t i b i l i t y v e r s u s t e m p e r a t u r e s h o w i n g a s y m p t o t i c c o n v e r g e n c 
t o t h e W e i s s m o l e c u l a r f i e l d r e s u l t . 
6 8 
T h e c a l c u l a t e d e x c h a n g e e n e r g y o f a f a c e - c e n t e r e d - c u b i c , 
S = l / 2 , H e i s e n b e r g f e r r o m a g n e t i s s h o w n i n F i g . 9 . T h e p o r t i o n s o f 
t h e e n e r g y d u e t o n e a r e s t n e i g h b o r Z c o m p o n e n t c o r r e l a t i o n s a n d X - Y 
c o m p o n e n t s a r e a l s o s h o w n . A t z e r o t e m p e r a t u r e t h e r e i s m a x i m u m 
c o r r e l a t i o n b e t w e e n t h e n e a r e s t n e i g h b o r Z c o m p o n e n t s s i n c e a l l t h e 
s p i n s a r e i n + l / 2 e i g e n s t a t e s o f S . A s t h e t e m p e r a t u r e i n c r e a s e s t h e 
p o r t i o n o f t h e e n e r g y d u e t o t h e Z c o m p o n e n t c o r r e l a t i o n s d e c r e a s e s 
2 
a p p r o x i m a t e l y l i k e M ; h o w e v e r , t h i s d e c r e a s e i s a l m o s t c o m p e n s a t e d 
b y t h e i n c r e a s e i n X - Y c o m p o n e n t c o r r e l a t i o n s f o r t e m p e r a t u r e s u p t o 
a b o u t h a l f T . A t T ^ , t h e Z c o m p o n e n t n e a r e s t n e i g h b o r c o r r e l a t i o n s 
d i s a p p e a r , t h e e n e r g y d u e t o t h e X - Y n e a r e s t n e i g h b o r c o r r e l a t i o n s r i s e s 
r a p i d l y t o 51 p e r c e n t o f t h e m a x i m u m e n e r g y , t h e n d e c r e a s e s a b o v e T , 
a n d t h e t o t a l e x c h a n g e e n e r g y h a s a n i n f l e c t i o n p o i n t . A b o v e T , t h e e x ­
c h a n g e e n e r g y i s e n t i r e l y d u e t o X - Y c o r r e l a t i o n s b e t w e e n n e a r e s t n e i g h ­
b o r s w h i c h d i s a p p e a r a s y m p t o t i c a l l y a s T i n c r e a s e s . 
T h e s p e c i f i c h e a t o f a H e i s e n b e r g f e r r o m a g n e t f o u n d b y a h i g h 
t e m p e r a t u r e s e r i e s e x p a n s i o n h a s b e e n i n t e g r a t e d o v e r T f r o m T t o 0 0 
c 
b y D o m b a n d S y k e s . 1 1 T h e r e s u l t f o r S = 1 / 2 w a s t h a t a p p r o x i m a t e l y 
4 5 p e r c e n t o f t h e e x c h a n g e e n e r g y r e m a i n s a t T , w h i c h i s r e a s o n a b l y 
c l o s e t o t h e 51 p e r c e n t v a l u e p r e d i c t e d b y t h e G r e e n f u n c t i o n t h e o r y . A 
m o r e t h o r o u g h c o m p a r i s o n i s m a d e i n T a b l e 3 u s i n g v a l u e s f r o m E q . ( 1 1 8 ) . 
0 1 2 3 4 T c 5 6 7 
T E M P E R A T U R E x ( k R J ) 
F i g u r e 9. T h e r e l a t i v e m a g n e t i c e n e r g y of a f a c e - c e n t e r e d - c u b i c l a t t i c e w i t h S = 1 / 2 . 
T h e c o m p o n e n t d u e t o t h e c o r r e l a t i o n s a n d t h e c o m p o n e n t d u e t o 
S x S x a n d SY c o r r e l a t i o n s a r e a l s o s h o w n , 
o o o o ON 
7 0 
T a b l e 3 . F r a c t i o n o f t h e E x c h a n g e E n e r g y P r e s e n t a t t h e C u r i e P o i n t 
C a l c u l a t i o n S = 1 / 2 S = 1 S = 2 S = 00 
G r e e n F u n c t i o n 
S i m p l e - c u b i c 0 . 6 8 0 . 4 5 0 . 3 4 0 . 2 3 
B o d y - c e n t e r e d 0 . 5 6 0 . 3 8 0 . 2 3 0 . 1 9 
F a c e - c e n t e r e d 0 . 51 0 . 3 4 0 . 2 6 0 . 1 7 
( l / T ) S e r i e s 0 . 4 5 0 . 3 4 - 0 . 1 9 
T h e s p e c i f i c h e a t g i v e n b y t h e d e r i v a t i v e of t h e t o t a l e x c h a n g e 
e n e r g y s h o w n i n F i g . 9 i s p r e s e n t e d i n F i g . 1 0 w i t h u n i t s d e r i v e d b y 
u s i n g t h e C u r i e t e m p e r a t u r e a n d a t o m i c w e i g h t o f n i c k e l . T h e d o t t e d 
c u r v e w a s o b t a i n e d b y B o z o r t h b y s u b t r a c t i n g f r o m t h e t o t a l s p e c i f i c 
h e a t o f n i c k e l t h e c o m p o n e n t s d u e t o l a t t i c e v i b r a t i o n s , e x p a n s i o n , a n d 
c o n d u c t i o n e l e c t r o n s . T h e a g r e e m e n t b e t w e e n t h e G r e e n f u n c t i o n t h e o r y 
a n d t h e e x p e r i m e n t a l v a l u e s o f s p e c i f i c h e a t i s q u i t e g o o d , p e r h a p s 
b e c a u s e t h e c o m p a r i s o n i s i n d e p e n d e n t t o t h e m a g n e t i c p a r a m e t e r jj. . 
T h e e n t r o p y c o r r e s p o n d i n g t o t h e e n e r g y a n d s p e c i f i c h e a t c u r v e s 
o f F i g s . 9 a n d 1 0 i s s h o w n i n F i g . 1 1 . T h e m a x i m u m v a l u e of t h e e n ­
t r o p y o f a s y s t e m o f N p a r t i c l e s w i t h t w o s t a t e s i s N k l n ( 2 ) . A t t h e 
B 
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F i g u r e 1 0 . T h e s p e c i f i c h e a t of a f a c e - c e n t e r e d - c u b i c l a t t i c e w i t h S = 1 / 2 . T h e s c a l e s 
h a v e b e e n f i t t e d t o t h e a t o m i c w e i g h t a n d C u r i e t e m p e r a t u r e of n i c k e l s o t h a t 
a c o m p a r i s o n c a n be m a d e w i t h B o z o r t h ' s e s t i m a t e o f t h e m a g n e t i c s p e c i f i c 
h e a t o f n i c k e l . 
0 1 2 3 4 Tc 5 6 7 
TEMPERATURE x (kQ/J) 
F i g u r e 1 1 . T h e e n t r o p y o f a f a c e - c e n t e r e d - c u b i c l a t t i c e w i t h s p i n 1 / 2 . T h e l i m i t i n g 
v a l u e f o r t h e e n t r o p y a s t e m p e r a t u r e i n c r e a s e s i s N k I n ( 2 ) . 
7 3 
i s 0 . 4 4 k N w h i c h i s 6 4 p e r c e n t of t h e l i m i t i n g v a l u e . T h e c o r r e s p o n d -
i n g v a l u e c a l c u l a t e d b y h i g h t e m p e r a t u r e s e r i e s i s 6 0 p e r c e n t . 
T h e e f f e c t of t e m p e r a t u r e o n t h e e n e r g i e s E i s t o m u l t i p l y t h e m 
k 
z + 
b y a r e n o r m a l i z a t i o n f a c t o r , ( < S ) + a ( S S_ ) ) / S w h i c h r e d u c e s t h e 
1
 o 6 
e f f e c t i v e v a l u e o f t h e e x c h a n g e c o n s t a n t . T h e r e n o r m a l i z a t i o n f a c t o r 
3 9 
c a n b e m e a s u r e d b y i n e l a s t i c n e u t r o n d i f f r a c t i o n . F i g u r e s 12 a n d 1 3 
s h o w t h e c a l c u l a t e d r e n o r m a l i z a t i o n f a c t o r s f o r a f a c e - c e n t e r e d - c u b i c 
l a t t i c e w i t h S = 1 / 2 a n d f o r a b o d y - c e n t e r e d - c u b i c l a t t i c e w i t h S = 1 
3 8 
a n d t h e r e s u l t s f r o m e x p e r i m e n t s o n n i c k e l a n d i r o n b y L o w d e . 
T h e c o r r e l a t i o n f u n c t i o n ( S . ) c a n b e c a l c u l a t e d u s i n g t h e 
G r e e n f u n c t i o n t e c h n i q u e . A s c a n b e s e e n f r o m F i g . 1 4 t h e c o r r e l a t i o n 
f u n c t i o n i n c r e a s e s f o r a l l v a l u e s o f j a s t h e t e m p e r a t u r e i n c r e a s e s u p 
t o t h e C u r i e t e m p e r a t u r e , t h e n d e c r e a s e s r a p i d l y . If t h e f u n c t i o n 
( S * S . > i s n o r m a l i z e d b y d i v i d i n g b y ( S ) a n d p l o t t e d v e r s u s j f o r 
s e v e r a l f i x e d t e m p e r a t u r e s t h e f o l l o w i n g b e h a v i o r i s o b s e r v e d ( F i g . 1 5 ) . 
A t T = 0 t h e c o r r e l a t i o n i s i n f i n i t e s i n c e t h e f i r s t r e v e r s e d s p i n i s i n a 
p l a n e - w a v e d i s t r i b u t i o n s t a t e . A t T = 0 . 0 5 T c t h e n o r m a l i z e d c o r r e l a t i o n 
f u n c t i o n i s d o w n t o 0 . 1 a t j = 5 l a t t i c e s p a c i n g s a n d d e c r e a s e s a l m o s t 
e x p o n e n t i a l l y w i t h j . A t T = T^, t h e r e n o r m a l i z e d f u n c t i o n i s d o w n t o 
0 . 0 5 a t j = 2 a n d a t T = 1. 1 3 T , i t i s d o w n t o 0 . 0 1 a t j = 2 . T h e s e r e -J
 c J 
s u i t s a r e c o n s i s t e n t w i t h t h e p i c t u r e of t h e r e v e r s e d s p i n s b e i n g i n p l a n e -
w a v e s t a t e s a t l o w t e m p e r a t u r e s ( s p i n w a v e s ) a n d l o c a l i z e d s t a t e s a t h i g h 
t e m p e r a t u r e s w h e r e t h e W e i s s t h e o r y a n d B P W r e s u l t s a r e v a l i d . 
7 4 
0 0.5 1.0 
RELATIVE TEMPERATURE TO POWER P, ( T / T / 
F i g u r e 1 2 . T h e r e n o r m a l i z a t i o n f a c t o r f o r a f a c e -
c e n t e r e d - c u b i c l a t t i c e p l o t t e d v e r s u s t h e 
r e l a t i v e t e m p e r a t u r e t o t h e f i r s t p o w e r 
a n d t o t h e 5 / 2 p o w e r . T h e e x p e r i m e n t a l 
r e s u l t s b y L o w d e a r e p l o t t e d v e r s u s t h e 
5 / 2 p o w e r s c a l e . 
7 5 
F i g u r e 1 3 . T h e r e n o r m a l i z a t i o n f a c t o r f o r a b o d y -
c e n t e r e d - c u b i c l a t t i c e p l o t t e d v e r s u s t h e 
r e l a t i v e t e m p e r a t u r e t o t h e f i r s t p o w e r 
a n d t o t h e 5 / 2 p o w e r . T h e e x p e r i m e n t a l 
r e s u l t s b y L o w d e a r e p l o t t e d v e r s u s t h e 
5 / 2 p o w e r s c a l e . 
7 6 
0 0 . 5 1 . 0 1 . 3 
R E L A T I V E T E M P E R A T U R E , ( T / T c ) 
F i g u r e 1 4 . T h e s p i n - s p i n c o r r e l a t i o n f u n c t i o n ( S S . ) 
o n a l o g a r i t h m i c s c a l e v e r s u s t h e ^ 
r e l a t i v e t e m p e r a t u r e . I t s h o u l d b e n o t e d t h a t 
{ S + S.~ ) = ( S 7 S + ) e x c e p t w h e n j = 0 . T h e 
o j j o 
p o i n t s w e r e c o m p u t e d f o r a 6 0 X 6 0 X 6 0 
l a t t i c e w i t h m a g n e t i z a t i o n i n t h e - z d i r e c t i o n . 
7 7 
0 1 2 3 ^ 5 6 7 8 9 1 0 I I 1 2 
D I S T A N C E ALONG T H E ( I 0 0 ) D I R E C T I O N 
( L A T T I C E U N I T S ) 
Figure 15 . The spin-spin correlation function ( S S . ) 
normalized to one for j = 0 for four ^ 
temperatures versus the distance in lattice 
spacings along the ( 1 0 0 ) direction. The 
points were computed for a 60 X 60 X 60 
lattice with magnetization in the -z direc­
tion. 
7 8 
T h e F o u r i e r t r a n s f o r m of t h e c o r r e l a t i o n f u n c t i o n , F ( k ) , i s 
d e f i n e d b y 
= I < S + S ; > e i j • k F ( k ) = L S T . >  J ( 1 3 4 ) 
j ° J 
w h i c h f r o m E q s . ( 5 0 ) a n d ( 3 a ) i s g i v e n b y 
F ( k ) = yjL \ -I ( 1 3 5 ) 
e x p ( p E ) - 1 
w h e r e 3 i s l / k T . 
B y u s i n g t h e s a m e t e c h n i q u e t h a t w a s u s e d i n C h a p . I V to o b t a i n 
E q . ( 1 2 1 ) , t h e f o l l o w i n g f o r m i s o b t a i n e d f o r F ( k ) f r o m E q . ( 1 3 5 ) f o r 
t e m p e r a t u r e s a b o v e t h e C u r i e t e m p e r a t u r e . 
F ( k ) =
 v - v + v ' 1 ( M _ > 0 ) ( 1 3 6 ) 
y o Y k x 
w h e r e t h e s u s c e p t i b i l i t y , \ , i s g i v e n b y E q . ( 1 2 4 ) . T h i s i s s i m i l a r t o 
4 0 
t h e f o r m u s e d b y V a n H o v e . T h e m o s t i m p o r t a n t i m p l i c a t i o n o f 
E q . ( 1 3 6 ) i s t h a t a t t h e C u r i e t e m p e r a t u r e w h e r e \ ^ g o e s t o z e r o , 
. —> . 
F ( k ) b e c o m e s v e r y l a r g e f o r s m a l l v a l u e s o f | k | , w h i c h i n t u r n i m ­
p l i e s a l a r g e n e u t r o n c r o s s - s e c t i o n f o r d i f f u s e m a g n e t i c s c a t t e r i n g a t 
s m a l l a n g l e s . 
7 9 
T h e d i s a p p e a r a n c e o f t h e ( S S ) c o r r e l a t i o n f u n c t i o n a b o v e t h e 
o o 
C u r i e t e m p e r a t u r e s e e m s t o b e a d e f i c i e n c y o f t h e G r e e n f u n c t i o n t e c h ­
n i q u e u s e d i n t h i s t h e s i s s i n c e t h e s y m m e t r y o f t h e H a m i l t o n i a n w h e n t h e 
a p p l i e d f i e l d i s z e r o w o u l d l e a d o n e t o e x p e c t t h a t ( S Z S Z ) = < S X S X ) 
o 6 o o 
= (SY SY\ = < s + s : > / 2 . 
o o o o 
8 0 
C H A P T E R V I I 
C O N C L U S I O N S 
B e c a u s e o f t h e a g r e e m e n t b e t w e e n t h e r e s u l t s of t h e s e c a l c u ­
l a t i o n s , u s i n g e q u a t i o n s d e r i v e d b y u s i n g H . B . C a l l e n ' s t e r m i n a t i o n 
p r o c e d u r e i n t h e f i r s t o r d e r d o u b l e - t i m e t e m p e r a t u r e - d e p e n d e n t 
G r e e n f u n c t i o n e q u a t i o n a n d t h e t e r m i n a t i o n f u n c t i o n g i v e n b y E q . ( 4 0 ) , 
a n d t h e r e s u l t s o f o t h e r m e t h o d s o f c a l c u l a t i o n , i t i s b e l i e v e d t h a t 
t h e s e r e s u l t s a r e g o o d a p p r o x i m a t i o n s t o t h e p h y s i c a l b e h a v i o r of t h e 
H e i s e n b e r g m o d e l o v e r t h e w h o l e t e m p e r a t u r e r a n g e . T h e c o m p a r i s o n 
of t h e s e r e s u l t s a n d t h e b e h a v i o r o f n i c k e l a n d i r o n i n d i c a t e s t h a t t h e 
g e n e r a l m a g n e t i c b e h a v i o r o f t h e s e e l e m e n t s i s e x p l a i n e d b y t h e b a s i c 
H e i s e n b e r g m o d e l . I t i s h o p e d t h a t t h e q u e s t i o n o f t h e t e m p e r a t u r e 
d e p e n d e n c e o f t h e e f f e c t i v e m a g n e t i c m o m e n t o f n i c k e l a n d i r o n w i l l b e 
r e s o l v e d b y f u r t h e r n e u t r o n d i f f r a c t i o n e x p e r i m e n t s . 
8 1 
A P P E N D I C E S 
8 2 
A P P E N D I X I 
C O M P U T E R P R O G R A M 
T h e c o m p u t e r p r o g r a m , w h i c h i s w r i t t e n i n A l g o l 6 0 f o r t h e 
B u r r o u g h s ' B - 5 5 0 0 c o m p u t e r , c a l c u l a t e s t h e s u m s $ a n d 5 . a s 
o 6 
f u n c t i o n s of R , E q . ( 9 5 ) . T h e p a r a m e t e r R i s c o n v e n i e n t f o r c a l c u ­
l a t i o n b e c a u s e i t e l i m i n a t e s t h e n e e d f o r r e i t e r a t i o n . 
O n c e $ a n d $ . h a v e b e e n c a l c u l a t e d f o r a v a l u e o f R a n d a 
o 6 
t y p e of l a t t i c e , i t i s a m a t t e r o f a l g e b r a t o c a l c u l a t e t h e c o r r e s p o n d i n g 
t e m p e r a t u r e a n d m a g n e t i z a t i o n f o r a n y v a l u e o f s p i n , S , b y u s i n g 
E q s . ( 4 0 ) , ( 5 0 ) , ( 5 1 c ) , ( 5 7 ) , ( 7 9 ) , ( 8 9 ) , a n d ( 9 4 ) w h i c h c a n b e s u m m a ­
r i z e d u s i n g t h e p r o g r a m n o t a t i o n , C = $ a n d D = $ 
M = ( S - C 1 ( 1 + C ) 2 S + 1 + ( S + 1 + C ) C 2 S + 1 
(i
 + C ) 2 S + 1 - c 2 S + 1" ( 1 4 0 ) 
T = R ( 2 S M + M 4 D ) ( 1 4 1 ) 
2 
F o r S = 1 / 2 t h e e n e r g y d i v i d e d b y N J y S i s g i v e n b y 
E = M 2 + 4 M D + 4 M 5 D 2 ( 1 4 2 ) 
T h e v a l u e s o f C a n d D ( P H I ( 0 ) a n d P H I ( D ) ) c o m p u t e d f o r a s e t o f 
v a l u e s of R a r e t a b u l a t e d i n A p p e n d i x II . 
8 3 
T h e r u n n i n g t i m e of t h e p r o g r a m i s r e d u c e d b y a f a c t o r of 
a b o u t 1 5 f r o m t h e t i m e i t w o u l d t a k e t o s u m o v e r a l l t h e p o i n t s i n k -
s p a c e f o r a c e r t a i n l a t t i c e b y t a k i n g a d v a n t a g e o f t h e e q u i v a l e n c e o f 
m a n y p o i n t s . F o r t h i s c a l c u l a t i o n t h e p o i n t ( k , k , k ) i s e q u i v a l e n t 
J
 x y z 
t o s e v e n o t h e r p o i n t s g e n e r a t e d b y c h a n g i n g t h e s i g n s o f k , k , a n d k . 
x y z 
B y m a k i n g t h e r e s t r a i n t t h a t t h e l a t t i c e h a v e e q u a l s i z e i n t h e X a n d Y 
d i r e c t i o n s , i t i s c o n v e n i e n t t o a l s o i n c l u d e i n t h e s a m e s e t t h e p o i n t s 
g e n e r a t e d b y i n t e r c h a n g i n g t h e v a l u e s o f k a n d k . T h e m a x i m u m 
4 
n u m b e r o f p o i n t s i n a s e t , U , i s 2 o r 1 6 . If k = k , k = 0 o r T T , 
x y x 
k = 0 o r T T , k = 0 o r T T , t h e n U i s r e d u c e d b y o n e p o w e r o f 2 f o r 
y z 
e a c h r e l a t i o n t h a t i s t r u e s i n c e + 0 = - 0 a n d + TT a n d - TT a r e e q u i v a l e n t 
b e c a u s e o f t h e 2 TT p e r i o d i c i t y . O n e a n d o n l y o n e p o i n t o f e a c h s e t i s 
s u m m e d o v e r b y r e s t r i c t i n g t h e s u m t o t h e f o l l o w i n g v o l u m e of k - s p a c e : 
( 0 1 X 1 W / 2 , X < Y 1 W / 2 , 0 < Z 1 H / 2 ) w h e r e k = 2 T T ( X / W , Y / W , 
Z / H ) , X , Y , a n d Z a r e i n t e g e r s , W i s t h e s i z e o f t h e l a t t i c e i n t h e X 
a n d _ Y _ d i r e c t i o n s , a n d H i s t h e s i z e o f t h e l a t t i c e i n t h e Z d i r e c t i o n . 
T h e v a l u e s o f H a n d W m u s t b e e v e n i n t h i s p r o g r a m . 
T h e s p a c e s u m m e d o v e r i s 1 / 1 6 o f k - s p a c e . A n o t h e r w a y o f 
d e t e r m i n i n g t h e v a l u e o f U f o r e a c h p o i n t i s a s f o l l o w s . T h e p o i n t s 
w h i c h a r e e n t i r e l y w i t h i n t h e s u b s p a c e a r e w e i g h t e d b y a f a c t o r , U , o f 
1 6 i n t h e s u m . T h e p o i n t s w h i c h l i e o n t h e b o u n d a r y o f t h e s u b s p a c e a r e 
w e i g h t e d b y 1 6 m u l t i p l i e d b y t h e f r a c t i o n o f t h e i m m e d i a t e s u r r o u n d i n g 
v o l u m e w h i c h i s i n t h e s u b s p a c e . F o r e x a m p l e a p o i n t o n t h e i n t e r i o r o f 
8 4 
o n e of t h e f a c e s of t h e s u b s p a c e w o u l d b e a t t h e c e n t e r o f a s m a l l s p h e r e 
t h a t w a s h a l f i n t h e s u b s p a c e a n d w o u l d b e w e i g h t e d b y U = 8 . T h e 
p o i n t s o n t h e e d g e s a n d c o r n e r s o f t h e s u b s p a c e a r e w e i g h t e d b y f a c t o r s 
o f U = 4 , 2 , o r 1 d e p e n d i n g o n t h e i r e x a c t l o c a t i o n . T h e w e i g h t i n g f a c ­
t o r , U , a p p e a r s i n t h e s u m s C ( f o r $ ) a n d D ( f o r $ . ) i n p r o c e d u r e 
o o 
P R 2 . T h e p r o g r a m s e c t i o n w i t h U = 3 a c c o u n t s f o r t w o s e t s s u c h a s 
( 0 , W / 2 , 0 ) , U = 2 , a n d ( 0 , 0 , H / 2 ) , U = 1 . 
T h e f i r s t r u n o v e r t h e p o i n t s i n k - s p a c e i s t o e v a l u a t e t h e c o s i n e 
a n d s i n e f u n c t i o n s t h a t a r e i n d e p e n d e n t o f R a n d s t o r e t h e v a l u e s i n 
a r r a y s E B , E N , N N , a n d N B . T h i s i s a c c o m p l i s h e d b y p r o c e d u r e P R 1 . 
N e x t R i s s e t t o i t s i n i t i a l v a l u e a n d $ a n d $ . a r e c a l c u l a t e d 
o 6 
b y r u n n i n g o v e r t h e p o i n t s i n k - s p a c e a n d u s i n g p r o c e d u r e P R 2 . T h e l a s t 
p a r t o f t h e p r o g r a m e v a l u a t e s a l g e b r a i c e x p r e s s i o n s f o r t e m p e r a t u r e , 
m a g n e t i z a t i o n , a n d e n e r g y f o r t h e c u r r e n t v a l u e o f R a n d p r i n t s o u t t h e 
r e s u l t s . T h e n t h e p r o g r a m c o n t r o l r e t u r n s t o t h e " F O R R " s t a t e m e n t 
w h i c h s e t s R e q u a l t o t h e n e x t l i s t e d v a l u e a n d r e p e a t s t h e o p e r a t i o n s 
d e s c r i b e d i n t h i s p a r a g r a p h . 
T h e p r o g r a m c a n b e u s e d o n t h e B u r r o u g h s ' B - 5 5 0 0 t o f i n d s u m s 
f o r u p t o 1 0 v a l u e s o f R f o r H = W = 4 0 w i t h i n 1 0 m i n u t e s . A f a c e -
c e n t e r e d - c u b i c l a t t i c e o f t h i s s i z e w i t h S = 1 / 2 h a s a C u r i e p o i n t o f 
9^ = 4 . 5 3 w h i c h i s 1 . 6 p e r c e n t h i g h e r t h a n t h e b u l k 6 w h i c h i s 4 . 4 6 . 
T h e r e s u l t s f o r v e r y l a r g e H a n d W c a n b e a p p r o x i m a t e d b e t t e r b y l e t ­
t i n g e a c h p o i n t r e p r e s e n t a c u b i c c e l l i n k - s p a c e c e n t e r e d a r o u n d t h e 
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p o i n t w h o s e w i d t h i s e q u a l t o t h e d i s t a n c e b e t w e e n p o i n t s , d . I n s t e a d 
o f e v a l u a t i n g t h e s u m m a n d , f, a t t h e p o i n t , t h e a v e r a g e v a l u e o v e r t h e 
c e l l i s a p p r o x i m a t e d b y e x p a n d i n g f a b o u t t h e p o i n t i n a T a y l o r s e r i e s . 
T h e z e r o o r d e r t e r m w i l l b e f e v a l u a t e d a t t h e c e n t e r p o i n t w h i c h g i v e s 
t h e s a m e r e s u l t a s b e f o r e . T h e f i r s t o r d e r t e r m s a r e of t h e f o r m 
^ ( X ^ ) • ( X - X ^ ) w h i c h h a s a n a v e r a g e v a l u e o f z e r o o v e r t h e r a n g e o f 
X , ( X - d / 2 , X + d / 2 ) , w h e r e X i s t h e c e n t e r p o i n t a n d t h e s u p e r -
o o o 
s c r i p t i n d i c a t e s a p a r t i a l d e r i v a t i v e . T h e s e c o n d o r d e r t e r m s of t h e 
f o r m ( 1 / 2 ) i ( X q ) • ( X - X ^ ) a r e t h e o n l y t e r m s o f s e c o n d o r t h i r d 
o r d e r w h i c h h a v e a n o n - z e r o a v e r a g e v a l u e o v e r t h e c e l l . T h e a v e r a g e 
v a l u e o f t h e s e t e r m s f o r a p o i n t o r c e l l , k , i s 
g ( k ) = ( f ^ ( k ) W ™ < k ) + f " ( k ) ( d 2 / 2 4 ) 
T o a p p r o x i m a t e t h e b u l k s o l u t i o n , H = W -• » , t h e s a m e p o i n t s a r e s u m m e d 
o v e r a s b e f o r e , b u t t h e s u m m a n d i s c h a n g e d f r o m f ( k ) t o f ( k ) + g ( k ) . 
T h i s t e c h n i q u e u s i n g H = W = 3 0 g i v e s a v a l u e of 9^ w h i c h i s w i t h i n 
0 . 1 p e r c e n t o f t h e b u l k v a l u e . 
T h e p r o g r a m w h i c h f o l l o w s i s a p h o t o g r a p h i c r e p r o d u c t i o n of t h e 
c o m p u t e r p r i n t o u t . T h e p r o c e d u r e s P R 1 a n d P R 2 s h o w n a r e f o r a f a c e -
c e n t e r e d - c u b i c l a t t i c e . T h e m o d i f i c a t i o n s f o r s i m p l e - c u b i c a n d b o d y -
c e n t e r e d - c u b i c l a t t i c e c a l c u l a t i o n s a r e s h o w n s e p a r a t e l y a f t e r t h e e n t i r e 
p r o g r a m . 
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T h e c o m p u t e r p r o g r a m u s e d t o c a l c u l a t e t h e f u n c t i o n X ( 2 x ) 
d e f i n e d b y E q . ( 1 2 0 ) i s s h o w n i n t h i s a p p e n d i x a s " S u s c e p t i b i l i t y 
P r o g r a m . 1 1 In t h i s p r o g r a m t h e i n t e g r a l e q u a t i o n 
TT 
2 T T 
d z 
- T T a + b c o s ( z ) ( a - b ) 
h a s b e e n u s e d t o r e d u c e t h e t h r e e d i m e n s i o n a l i n t e g r a l i n v o l v e d i n 
E q . ( 1 2 0 ) t o a t w o d i m e n s i o n a l i n t e g r a l w h i c h i s e v a l u a t e d b y t h e c o m ­
p u t e r . A r e g i o n n e a r t h e o r i g i n h a s b e e n r e d u c e d t o a o n e d i m e n s i o n a l 
2 
i n t e g r a l b y m a k i n g t h e a p p r o x i m a t i o n s c o s ( x ) = 1 - x / 2 a n d c o s ( y ) = 
2 _ 1 
1 - y / 2 . T h e e r r o r i n t h e v a l u e s o f X ( 2 ) ( ) c a l c u l a t e d b y t h i s p r o ­
g r a m i s 0 . 1 p e r c e n t o r l e s s . T h e r e s u l t s a r e s h o w n i n T a b l e s 7 a n d 8 
i n A p p e n d i x I I . 
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BEGIN 
FILE OUT LINE 4 <27l57T~ 
TOWaT~OTJT HEAD f*45» HFACET^cTNTtRED-CURICV/X23T**7xT "T-LTSPtN~" 7 
XlO#"* SPIN 1/2"#X8#" * SPIN 7/2 ~ *»//X23# R PHIfO) PHI(n) KT7J MAG. ENERGY % 
"•* "kt7j magV^TFT 
FORMAT "OUT RESULT (X?0» F6.1. 2~E 11.3. F9\ 3TZF77I7Ff0737F7.1(77 
REAL A.8,C>0,£,T,Q,H,J,K,LP*»N707?»B7R7sVT# U>V*W,X"#Y# Z7HC # HH, PI#Ml#Ti,cX?CY#CZ*SX#SY»SZ 1 INTEGER f7l2 J REAL ARRAY EBVEnYNN, NB rolTJo75TlOOOT~J ~ PROCEDURE PR1  "BEGIN T*fM~J 
TF I>IOOO THEN BEGIN 1*0 I 12+12*1 END I 
~<^*"CrJ5TP~TxX7iro~T CY+COSCPIxY/N) I C2*C0S(PIxZ/H) T 
sxvspfpfxx/w) T sT*SInTpTxy71T~i sT*Xin(>Tkz7hT~T 
PN[l2*"IUCXxCY*Tr7SCZ+CZxCX I 
FBI 12TT•][ 41 XYCY"TTxCZ-CZ*CX I NNU2>IU16xCSX*2xCcY*CZ)*2+SY*2x(CX*CZ>*2+ 
~ SZ*2x(CX>CY)*2) I 
~ttt 2Trr*nrx csx*?*ccY*m* 2+sy*2x(cx- ct# 2+ 
SZ*2k(CX*CY)*2) I FND ) PROCEDURE PR21 BEGIN I>f+1 
_ _ . „ _ _ _ _ _ _ _ _ _ _ _ ^
 + ^ ^ _ _ 
NTNxCl + (NNtTT, IJx:('_xN*2+3xN+l)/R*2-l 8xEN[I2,I])k(N*1)/R)«P)I 
C o m p u t e r P r o g r a m , S h e e t 1 
88 
GVGXTI + (N8 f 12,1]x ( 2*N * 2•3 x N +1)/R * 2-( 6x£8t12*I])K<N*1>/R)xp')> 
C«-C + (N + 3*G)xu I 
D*D*<NxErtiTT2>I]+6xEB[ I2#I)x3)x"in ~ 
END y ~" " ~ 
PTT3THH59Z6 J ~ ~~ 
WRITE (LINEVHEAD) I "' 
FCTR X*2 STEP t UNTIL TW7 r2• IT OU 
FOR YM STEP 1 UNTIL ( X-l) DO 
niR~z*l STtp-THlNTTPTA/2-T) QCT ~ 
PR1 7 ~ ~ ~ " " ~ " 
FOR XMSTEP 1 UNTIL (W/2-1) OU 
F f J R Y*0,X DO ~~ — — 
FORz*l STEP 1 UNTIL (H/2-1) DO 
PR1 I ™ ' ~ ™ " 
yTw7?~7 ~ ~ ~~ 
rUR Y«-l STEP 1 UNTIL "(H/2-1) DO 
FOR Z M STEP 1 UNTIL (H/2-1) DO 
" PR1 J—" 1 ' 
FOR Y+T STEP 1 UNTIL (X-l) 00 
PQR X 4 > 1 S T E p j U N T j L • (H72-i)~DO 
______ 
___
 Z4.O,H/2 DO " ~~ 
X*OJ Y*W/?i FOR Z M STEP 1 UNTIL (H/2-1) DO 
P"RT~T ~~ ~'~ ~~ 
FOR X«>M72»0 DO 
C o m p u t e r P r o g r a m , S h e e t 2 
8 9 
r e g i n y * x t 
rOlTz*l STEP 1 UNTTl (H/2-1) DO " 
______ 
j ^p i UNTIL (H7_-Tr~D0 
F o r z « - 6 , h / 2 d o 
PRl j 
X + W / 2 j FHR D O B E G I N Z + O I " 
_ _ _ _ j • 
" * " • ¥ • W / 2 7 T 7 H / 2 7 
PRl J " " 
V+Y*0~1 Z + 0 . 4 4 ~7 
pRi 7 ' " " " ~' 
HC «• 0" t CrJMMENT F O R T E R O " APPLlJo~FIELD~7 
TW"FUf).2 STEP I T T S M J N T I L 2.01727TTTEP 0 . 5 UNTIL~~9757 
1 0 STEP 1 UNTIL 2 0 # 2 4 * 3 0 #4 0 » 6 0 * 16 0 # 2 0 0 # 5 6 6 # 10 0 6 # 2 0 0 0 D 0 
R E G I N " " 
A4-12/R t B4.4/R I C O M M E N T F A C E - C E N T E R E D - C U B I C O N L Y T iTf_7o~7 OVi _ 7 " 
jFOR~~X«_ S T E P 1 U N T I L C«/_=TT"W 
f o r m s t e p ' i" u n t i l ( X-l) d o 
F O R 7«-l S7TP"T UNtTL~7H/2-r)~D0 
P R 2 ~ | 
II* 8 \ ' 
____________ ( T n t T l ( H72-n _ D 0 ~ 
F O R Y « - 0 , X DO 
t"njMTY|7" ( h 7 2 M ) DO 
PR2 \ " " " ' " ~ 
_____ y " + T 1 , T e p ~ 1 T n t T l T h / _ 2 - T ) d o " 
C o m p u t e r P r o g r a m , S h e e t 3 
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________ UNTIL (H/2-i) DO " 
U4T-S~T 
FW~X*2"STEP~TTJNTTL^TSI/-MT 0" 
FTJR~Y«T SfEP IuNTTL"TX-T>"OO~ 
FJPF-FL0TH/2 0 0 
PR2 I 
FOR X«-i STEP {"UNTIL (w/2-N~~OO 
RieGirNr~YTXJ ~ 
FOR Z*0,H/2 DO " " 
PR2 END I 
X*0) Y4.V/2; FOR STEP 1 UNFL'I. "(H/2-1) DLT~ 
PRT~1 
U«- 2 T 
FOR "X 1 / 2 , GOO ~~~" 
____________ 
FOR Z• t17EP 1 UNTIL (H/2-N^DO ~  
PR2" END T " 
_____ ___ 
_ _ _ . . . _ _ - _ . . . _ _ _ _ _ . _ _ _ _ _ _ _ ^ g y g . ( J O 
...
 P0H Y4-Q # W/2 O  ' " 
_______ _^ 
_ _ _ _ _ _ _ . _ _ 
, FOR Y*0,W/2 DO BEGIN Z*>0 I 
PR2 ENtT - ' 
_ _ _ _ _ _ _ _ - | — p R 2 j — 
C*C/(AXMXW*2) I D+D/C12XHXW*2) . COMENT F.C.C. ONLY J 
COMEN T~M _T,E~ " FOK T»T/27 ^7TTT0R~S"Tr/2"l ~ 
___________ 
C o m p u t e r P r o g r a m , S h e e t 4 
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T«.Rx (M + 2 X M - 4 X 0 ) J 
H I - ? . .5-C)x(i + c r * 8 + (4.5 + C ) " x C * 8 ) / ( ( n ' C ) *8 -C*8 ) x2 / T ~ 7 
T14-Rx f 7xMI + 2xM 1 *^xfj_" j 
WRITE fLINE,RESULT*R»C.D/t»M,E/Tl, Ml ) J 
TTH<T.W0341'TXMC/T J C 0 M M E NT~TrjR~~Nf C ^ EIT."SM7?#"~ H~CTS~TfELD~K _E~7 
E n d eno end , 
C o m p u t e r P r o g r a m , S h e e t 5 
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P r o c e d u r e s : 
COMMENT B 0 0 Y - C F N T E R E D - CU B t C 7 
PROCEDURE PRl* BEGIN I«-I + l I 
T F T > 1 U 0 0 " T R T N T 1 N " I T 0 ~ 7 T _ T T _ T i ~ e W T 
CX+COSCPIxX/W) J CY«-CO$(PIxY/W> I C2*C0S( PI xZ/H ) J» 
SX<-SlN(PlxX/W) J SY + SINCPfxY/W) I $ Z + S I N C ~ p T X Z / H > T 
EN r I ?'# T ] «• C X x cTx c it 
E B [ 1 2 * I ] + - E N r i - V T 3 I 
N N U 2 * n«-64x(CSXxCYxCZ)*2+(CXxSYxCZ)*2-KCXKCYxSZ)*2) I 
NR[ 1 2 , I]«-NN[ 1 2 * II J 
j- • -
P R H C E D U R E P « 2 J B E G I N T>I«_ 7 
t f i> iroo6"Th E7r~_EgTn"T*o~T T2+1 _7T e n d " i 
^ 1 /( EXP( A"8xENfl 2 V i f + HH ) - 1 " ) " 7 
__ s * l / ( E X P ( A - 8 > c E B c i ? , i ] + H H ) - l ) * 
N - N x ( t ; ( M N r J ? # j ]
 x ( 2xN*2~-v3xNVl>7R*2-C 2 4 xENCI 2 * ll) x( N + 1 ) / R ) x P )7 
- G 4. G X( j + ( M R [ 1 2 , i yx"(TxN*? + 3xN*l )7r*?-( ?4x E B U 2 * I !|)x(N• 1 > / R ) x P ) ; 
C + C + C M + G)xU ; 
D<-0 + (NxEN[ 12* I J+GxEBC I?, 11 ~)'W 7 
E N D i ' ~ ~ " 
L i n e 7 7 : 
A + 8/R 7 'B*8'/R" I ~ "cWmTnT l O D Y - C E N f E R E D - C U B I C ONLY I 
L i n e 1 2 1 : 
C + C/(2xHxW*2) J D«-D/( 2xHxW*2) J 
C o m p u t e r P r o g r a m M o d i f i c a t i o n s f o r B o d y - c e n t e r e d - c u b i c L a t t i c e 
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P r o c e d u r e s : 
comm_nt ^ t m t _ t c u _ n r ~ r ~~ " 
PROCEDURE PKII BEGIN I*-I + _ J 
.__ ^ joon JHENT BFGIN I«-0 i 7_^T_+T END t 
EN H ? » I"] • C"DT(2 K Pi x-WW) •COST 2x PT^ 7'^ T5yc_x PI »_7iT) T 
"VNi_T_7 11 *4xC SIN( 2xPIxX /H ) * 2 • SIN( 2 x PI x Y7W~) * 2 • SIN < 2 xP~!xZ/W) 
. _____ . 
"~ " ' E N D " 7 ' ~ " - ~ 
PROCEDURE PR2I B_ CITn J + I +1 I 
Tp™Y>T00b THEN BEGIN !*0 J"72*I2*1 END"! 
_ _ . _ _ _ . _ _ _ _ p _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 
_____ ________ 
___________ 
_ _ . _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 
L i n e 7 7 : 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ ^ _ _ _ _ _ _ _ „ _ _ _ _ _ 
L i n e 1 2 1 : 
C«• £/< H X W * ? ) I D • I) /( 3"x" HxW*2) I 
C o m p u t e r P r o g r a m M o d i f i c a t i o n s f o r S i m p l e - c u b i c L a t t i c e 
9 4 
8 E G I M 
T i I F T u ' t l i n e 4 ( ? , i 5 j ; 
F O R M A T H E AO ( X 2 5 > " F A C E - C E N T E R E D - C U B I C " / / 
X l 9 , » » l N v , , s u s . L A M B D A 3 K T / 4 J S C S + 1 ) " / ) J 
F O R M A T _ _ H E . S U L T ( F 2 5 , 4 , 2 F j _ 2 , 3 ) . J 
R E A L A * B # C » D i E - » F , G , H » j # K # L * M # N # 0 # P » t t # R # S # T # U # V # W # X # Y # 2 # H C # H H # 
P I # M 1 # T 1 # C X , C Y » C Z » S X # S Y # S Z I 
I N T E G E R 1 , 1 ? \ 
R E A L A R R A Y K B » E N > N N , N B r 0 » 3 0 * 0 1 1 OOO J ; 
P R O C E D U R E P R 1 I B E G I N 1 * 1 + 1 i 
I F I M O O O H E N B E G I N 1 + 0 J I 2 + I 2 + 1 E N D t 
C X + C U S C P I X X / W ) l C Y + C O S C P l x Y / K ) i 
E N [ I 2,11 + 4 * ( C X * C Y ) J 
N N f 1 2 . T 1 < - 4 X f r _ + r v _ I 
N 8 [ I 2 * l H 4 X i _ J . - C . Y J J 
E N D _ J _ 
P R f l C F D i i R F PR?) 3 E". G T N T « - T + 1 
C . * C * D X S - R T ( C i 2 + 2xS-ENllZ-t^2-y*-2"MiLt 12*11__ Jl *_ 
U / S - R T ( C l 2 + ? x S + E N t I ? « I 1 ) * _ . - N R [ I 2 - I 1 * 2 3 I -
„ f r 2 0 Q _ J L 
W R I T E ( L I N E # H E A 0 ) ) 
B E G I N 
S u s c e p t i b i l i t y P r o g r a m , S h e e t 1 
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FOR XVi STIP T UNTIL (W/2-1 ) 06 
FOR Y*l STEP 1 UNTIL (X-l) DO 
PR1 t FOR X*-? STEP FOR Y*0*X on 
PRI ) 
x*w/2 ; 
FOR Y«-1. ST-P 1 UNTIL (W/2-1) DO 
PRI ; 
xo ; Y+M/Z _ 
PRI i 
X«-Y«-w/2 ; _____ 
.._ p.R i ; FOR _S_Ot QOOOOOI '".POOS/- Q» 0007,0. 001 > P. Q015__.PQ2_0.P3J. Pi P05f 
.0.0.07,0,01' 0.0 15,0,r>2,0.03»Q.0.5*0.9_V0__*0.15»Q_2_0.3* 
< _5_  __. r _1_» i_____f * 3 _5 *Z_0>15 _2 Pi- 3_.5_P_ 10 0_ 00 
9ESIN 
If-1 ?•.._. I .. 
l!...9_.;.. .. ..... FJ3R X»„ STEP 1 UNTIL (W__ ____ 
FOR ^Vl "sTEP I UNTIL (X-l) 00 _ " "~ 
pr? ; 
i±._ } . 
FDR X«-2 .5T_P._l.U_lT_lL-__M_2-_- _ U 
. FOR f»o*x on 
_ _ _ _ _ _ . . 
XJrW/_L i . 
FDR Y»l ST_P 1 UNTIL fW/?-l) DO 
_LR2_J . 
i j « •? -_» -
1 UNTIL (W/2-1) 00 
S u s c e p t i b i l i t y P r o g r a m , S h e e t 2 
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X > 0 i Y . - W / 2 } 
x«-r*w/? ; 
p r ? ; 
f o r _ > 0 . l 5 0 s t e p o . 1 5 o u n t i l 1 . 4 5 d o 
0<-D + _ x Z / S Q H f ( ( P T X Z / W ) * 2 + S / 2 ) J 
F O R Z f O . 0 7 5 S T E P 0 . 1 5 0 U N T I L 1 . 4 5 D O 
0 «• D +Tx z7s_K T ( ( pTXTTT)* 2 + S / 2 ) "1 
Z « - 0 . 1 5 I 
0« -Q + Z / S 9 « T ( ( P l x Z / W ) * 2 + S / 2 ) J 
C + C + 9x(PT/r4 4 0 x n + ( 4 - P l ) / 3 ? / S 0 R T ( ( l . f t 0 x p i / W ) i r f 2 + S / 2 ) ) ; 
L + ( 1 2 + 2 X S ) K C / ( ? X W * ? ) f 
T » C 6 + S ) / L > 
:>1«-M1 J . ^ U L N ( T " 4 . 4 6 1 9 6 2 ) j 
y • T 1 J _ T_l f L M ( S ) . i _ . _ _ . _ 
E + C Q - T 1 ) / J L _ _ _ 1 _ _ _ I F — S _ < n . Q O n i J L H E N E f r Q - J -
W R I T E C L I N E > R E S U L T , S * L ' T ) J 
. I *• iz+c + o + o J . „ _ _ „ . . 
i- Ml.) F , _ ) EN. ,> . -_ . . . 
S u s c e p t i b i l i t y P r o g r a m , S h e e t 3 
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A P P E N D I X II 
C O M P U T E R R E S U L T S 
T h i s a p p e n d i x c o n t a i n s t a b l e s o f r e s u l t s o b t a i n e d b y u s i n g t h e 
b a s i c p r o g r a m a n d m o d i f i c a t i o n s d e s c r i b e d i n A p p e n d i x I . 
T a b l e s 4 , 5 , a n d 6 l i s t t h e s u m s _ q a n d $^ d e f i n e d b y E q . ( 9 5 ) 
f o r a s e t of v a l u e s of R . T h e t h r e e t a b l e s a r e f o r t h e t h r e e t y p e s of 
c u b i c l a t t i c e s , f a c e - c e n t e r e d , b o d y - c e n t e r e d , a n d s i m p l e , . T h e v a l u e s 
o f t h e r e d u c e d t e m p e r a t u r e , k T / J , t h e r e l a t i v e m a g n e t i z a t i o n , M , 
b 
a n d t h e f r a c t i o n o f t h e m a g n e t i c e x c h a n g e e n e r g y , E , a s c a l c u l a t e d 
f r o m E q s . ( 1 4 0 ) , ( 1 4 1 ) , a n d ( 1 4 2 ) f o r S = 1 / 2 a r e l i s t e d f o r e a c h v a l u e 
o f R . A l s o v a l u e s o f k T / J a n d M f o r a n o t h e r v a l u e o f S a r e l i s t e d . 
B 
T a b l e s 6 a n d 7 l i s t t h e v a l u e s o f i n v e r s e s u s c e p t i b i l i t y , x > 
d e f i n e d b y E q . ( 1 2 2 ) , t h e f u n c t i o n \(2% ^) d e f i n e d b y E q . ( 1 2 0 ) ( u n d e r 
L A M B D A ) , a n d t h e r e d u c e d t e m p e r a t u r e 0 = 3 k_ T / 4 J S ( S + 1 ) c o r r e s -
B 
p o n d i n g t o t h e v a l u e o f \ * a s g i v e n b y E q . ( 1 2 4 ) . T a b l e 6 i s f o r a 
f a c e - c e n t e r e d - c u b i c l a t t i c e a n d T a b l e 7 i s f o r a b o d y - c e n t e r e d - c u b i c 
l a t t i c e . 
_ 3 
T h e n o t a t i o n 1 . 3 5 7 @ - 0 3 r e p r e s e n t s 1 . 3 5 7 x 1 0 . 
9 8 
FACE-CENTERED*CUBIC 
* ALL SPIN *" SPIN"T72 ~* S P l ¥ T / 2 * 
R P H I C O ) P H I ( D ) KT/J M A G , ENERGY KT/J MAG. 
0.2 1 .3180-03 1,3000-03 0.200 0,997 1.000 1.400 1.000" 
0.4 3 .7720-03 3._6680-O3 0,400 0.993 _.l*opo 2.800 _0_t999 
0.6 7 .0100-03 6.7180-03 0.599 0.986 0.999 4.200 0,998 
0.8 1 .0920-02 1.0300-02 0.798 0,979 0.998 5.599 0.997 
1.0 1 .5460-02 1.4340-02 0,995 0.970 0.997 6.997 0.996 
1.2 2 .0600-02 1.8770-02 Ijl91 0_.960 0.996 8,395 0_994 
7 
.6350-02 2.3530-02 1 .384 0.950 0.993 9.790 0.992 
1.6 3 .2730-02 2,8570-02 1.573 0 t 9 3 9 0.991 11.183 0.991 
1.8 3 .9770-02 3.3B60-O2 1.757 6.926 0.987 12.573 0.989 
2.0 4 .7500-02 3.9350-02 1 .936 0,913 0.982 13.959 0,986 
2.5 6 .9950-02 5.3720-02 2.352 0.877 0.964 17.398 0.980 
3.0 Q •6830-02 6.8*60-02 2.716 0.838 0.940 20,787 0,972 
3 < 5 1 .2780-01 8.3850-02 3.024 0.796 0.910 24,111 0,963 
4 t 0 1 .6240-01 9,9J40-O2 3.277 0,755 _ 0x8.79 _ _ .27V356 _ 0.95-4-
4.5 2 .0010-01 1,14 40-01 3.482 0.714 0.847 30,513 0,943 
5.0 2 .4030-01 1.2970-01 3.647 0.675 0.816 33.572 0.931 
5.5 2 .8270-01 1,4480-01 3.779 0.639 0.787 36,528 0.919 
6
 f 0 3 .2690-01 1 t 5 9 9 0 - O l 3,885 0,605 A * 761 3J5>JJ7__ 0 . 9 0 X 
6.5 3 .7250-01 1.7500-01 3.970 0,573 0,737 42,112 0,894 
7.0 4 .1930-01 1.8990-01 4.040 0,544 0,716 44*733 0 t 8 8 0 
7.5 4 •6720-01 2.0480-01 4.096 0.5.7 0.697 47,238 0,867 
8.0 5 •1600-01 2.1970-01 4,143 0.492 0.680 49,628 0.853 
8.5 5 .6550-01 2.3450-01 4.182 0.469 0.665 51,901 0.839 
9.0 6 •1570-01 2.4930-01 4.214 0.448 0.652 54,060 0,825 
9.5 6 •6650-01 2.6400-01 4.241 0.429 0.640 56,107 0.811 
10.0 7 •1770-01 2,7870-01 4.265 0.411 0.630 58^0 4 5_ 0*797 
11.0 8 .2140-01 3.0800-01 4.301 0,378 6.612 61,604 0.769 
12.0 9 •2630-01 3.3720-01 4.329 0.351 0.598 64.770 0.742 
13.0 1 •0320+00 3.6630-01 4.350 0.326 0.587 67,577 0.715 
14.0 1. • 13_9_0 +0 0 3.9540-01 4 . 366 __. 305 0.577 70,06-L .JUAA9. 
15.0 1 ,?47P+00 4.2440-01 4. 379 0.286 0.569 72,259 0.665 
16.0 1 »3550+OO 4.5340-01 4,390 0,270 0.563 74,203 0,641 
17.0 1 .46 30+00 V , 8230-01 4.399 0.255 0.557 75,924 0.618 
18.0 1 •5720+00 5.1120-01 4,406 0,241 0.553 77,449 0,596 
19.0 t .6810+00 5.4010-01 4.412 0,229 0.548 78,804 0,576 
20.0 1 .7910+00 5.6900-01 4,417 0.218 0.545 80,010 0.556 
24.0 2< .2310+00 6.8420-01 4,4 31 6.183 0,535 83,686 6.487 
30.0 2 .8 950+00 8^„5_680-Ol 4,442 0,147 Q.527 87_.P.L0_ 0,408 
40.0 4, .0080+00 1. 1440 + 00 4.451 0,111 0.520 89.809 0.317 
6 0_P 6 .2410+00 1 .7180 + 00 4 t 4 5 7 0.074 0.515 91-924 0__2i£L 
100.0 t .0720+01 2.8640+00 4.459 0.045 0.513 93,043 0.133 
200.0 2 .1920+01 5,7290+00 4.461 0.022 0.512 9 3x_522__ 0.067 
500.0 5 .554 0+01 1.4320+01 4.461 0,009 0.511 93.657 0.027 
1000.0 1 . 1160 + 02 2,8650+01 4.461 0.004 0.511 93,676 
. J_0_3_ 
2000.0 2 ,?370+O2 5.7300+01 4,461 0.002 0.511 93.680 0.007 
T a b l e 4 . C o m p u t e r R e s u l t s f o r $ a n d $
 c f o r a F a c e - c e n t e r e d -
, . - o o 
c u b i c i - a t t i c e 
99 
BODY-CENTERED-CUBlC 
* ALU SPIN - - •-
 t SPIN 1/2 ~* SP_¥"i * 
R P H T ( O ) P H T C O ) KT/J MAG, ENERGY KT/J MAG. 
0.1 9 .2813-04 9.1780-04 6,100 ~" 6 . 9 9 8 176o"o 6 , 2 0 0 " 6 7 9 9 9 
0.2 2 .6503-oi 2.5943-03 0.200 0_,995_ l._OOQ ... 0,400 0.997 
0.3 4 .9113-03 4.7573-03 6,300 0,990 1 .000 0.600 0,995 
0.4 7 .6283-03 _ _ , 3 0 7 3 - 0 X „ 0.399 0.985 0.999 0.800 0.992 
0,5 1 .0763-02 1.0193-02 0,499 0.979 0 . 9 9 9 0,999 0,989 
0,6 1 .4?83-02 1.3350-02 . 0,598 . 0.972 0 _ _ _ 9 8 1,198 0,986 
0.7 ! .8173-02 1 .6773-02 0.696 0.965 0,997 1 ,396 0,982 
0.8 2 •2443-02 2.0433-02 0,793 <L_957 0_,995 i_,594_ _0_9J8 
0.9 2 , 7093-02 2,4293-02 0,889 0,949 0,994 1,791 0,973 
1.0 3 .2143-02 2.8333-Q2 0,984 0,940 0.992 1.986 0.968 
1.2 4 .3463-02 3,6913-02 1.167 0,920 0,986 2.370 0.957 
1.6 7 . 1273-02 5,5533-02 1.505 0,875 0__967 3.107 0.930 
2.0 1 .0583-01 7.5393-0? 1.790 0.825 0.9 39 3,782 6 , 8 9 7 
2.4 1 .4 64 3-01 9 ,5880-0 2 2.021 0,773 0,905 ... 4.379_ 0,860 
2.6 1 .9203-01 1 . 1663-01 2,201 0.723 0 . 8 70 4,891 0.821 
2 
__LL7,f»-QA, _ U.375J»-01 _ _2.3_9 JHM6.1L. 0 _ _ 8 J _ _ _ __Q.7_B1 
3.6 7 •9453-01 1,5833-01 2.444 0.629 0.804 5,681 0.741 
_ 4,0 3 •5003-01 1,7900-01 2.524 0.588 0.776 . 5,976 ______ 3 
4.4 4 •0753-01 1 .9973-01 2.586 0.551 0.752 6,219 0.667 
4,8 4 .6673-01 2,2023-01 2,634 0,517 0.730 6.418 0_6_3 
5.2 5 •2733-01 2.4073-01 2.671 0,487 0.712 6,583 0.601 
5.6 5 •P903-01 
_2__>n0-oi ?.70_1__ 0.459 0,696 6.719 0.572 
6.0 " 6 
.5 16 3-61 2.8143-01 2.725 0.434 0.6B2 6.833 0.545 
6.4 7 .1503-01 3^0173-01 2,744 0.412. _0,670 6.929 0.519 
6.6 7 .7913-01 3.2183-01 2.760 0.391 0.660 7.009 0.496 
7.2 .4383-01 3,,4 20 3-01 2.773 0.372 0,651 7,078 0, 474 
7.9 9 .5*13-01 3.7713-0J 2.791 0,343 0 .638 7.175 0,440 
_ S _ 6 
_____743_ + Q J L . 4__121?-0L __.8Q_ L 0.318 
_ _ _ _ _ _ _ _ _ ____L__25LQ_ 0.41Q_ 
9.3 1 . 1903+00 4 .4703-01 2.815 0,296 0.618 7,309 0.383 
10,0 1 •3^73+00 4..8J93-0L 2.823 0.277 0.611 7,356 0.360 
10.7 1 .4253+00 5.1663-01 2.830 0,260 0.606 7,394 0.339 
11.4 1 .5433+00 5.5133-01 2.835 0.245 0.601 7,426 0,320 
12 . 1 1. .6*23+00 5.8603-01 2.839 0.231 0.597 7.452 0. 303 
12.6 1 .7*13+00 6,_206»-0l 2.843 0.219 0.593 7,474 0,288 
13.5 1 .9003+00 6. 5523-0{ 2.846 0,208 6.590 7.492 0.274 
14.2 2 ,0?03+00 6.8973-0J 2.848 0,198 0.587 7,508 0,261 
16,0 '? ,1983+00 7.7853-01 2.853 0,177 0.582 7.540 0.233 
20,0 J ,0163+00 9,75 33-01 2.860 0,142 0,575 _ 7,5.8 2 0.188 
30.0 N . 7.173 + 00 1 .4663 + 00 2.866 0.095 0.568 7.623 0.127 
ft .2223+00 2.44.6__+0Q 
. 2.86.9 __J>5_Z .0,56.4 _ 7 ,,6.4 3 0.076 
100.0 "i .6933+01 a ,8943 + 00 2,870 0,029 0.563 7.652 0.038 
J?5Q._0 4 •3053+OA 1,223 _+ P..1 _.. 2__8_0 . _ _ _ _ _ _ -0.562 ________ 4. _0__01_L 
500.0 ft .6603+01 2,4473+01 2,870 0,006 0.562 7.654 0,008 
_LOQO„0_ 1 .7373+02 .A__8_95£.tOl _. . 2.8 70 0 _P_0 3. 
_ _ _ _ S _ - 2 7.654 0*_0J)4-
T a b l e 5. C o m p u t e r R e s u l t s f o r $ a n d _ _ f o r a B o d y - c e n t e r e d -
c u b i c l_att_ .ce 
100 
S I M P L E C U B I C 
# T I X T P T N * STTN~T72 "* S T I N ~ T / 2 * 
R PHT C O ) P H I ( O ) K T / J MAG, ENERGY K T / J MAG, 
Q ^ T . 8 6 0 0 - 0 3 1 . 8 3 3 0 - 0 3 O.iOO 0 , 9 9 6 1 . 0 0 0 0 . 7 0 0 0 , 9 9 9 
0 . 2 5 . 3 2 7 0 - 0 3 5 . 1 7 5 0 - 0 3 0 . 2 0 0 0 , 9 8 9 1 . 0 0 0 1 , 4 0 0 0 , 9 9 8 
0 . 3 Q . 9 0 5 0 - 0 3 9 , 4 8 2 0 - 0 3 0 . 2 9 9 0 , 9 8 1 0 . 9 9 9 2 . 1 0 0 0 , 9 9 7 
0 . 4 1 . 5 4 4 0 - 0 2 1 , 4 5 5 0 - 0 2 0 , 3 9 8 0 , 9 7 0 0 . 9 9 8 2 . 7 9 9 0 , 9 9 6 
0 . 5 2 
. 1 8 f 0 - O 2 2 . 0 2 7 0 - 0 2 0 . 4 9 6 0 . 9 5 8 0 . 9 9 7 3 . 4 9 8 0 , 9 9 4 
0 . 6 2 • 9 1 8 0 - 0 2 2 , 6 5 4 0 - 0 2 0 . 5 9 2 0 , 9 4 5 0 . 9 9 5 4 , 1 9 6 0 , 9 9 2 
0 . 7 3 . 7 3 6 0 - 0 2 3 , 3 3 0 0 - 0 2 0 . 6 8 6 0 . 9 3 0 0 . 9 9 3 4 . 8 9 2 0 . 9 8 9 
0 . 8 4 • 6 4 2 0 - 0 2 4 , 0 5 0 0 - 0 ? 0 , 7 7 7 0 , 9 1 5 0 , 9 9 0 5 , 5 8 7 0 , 9 8 7 
0 . 9 5 • 6 3 4 0 - 0 2 4 . 8 0 6 0 - 0 2 0 . 8 6 5 0 . 8 9 9 0 . 9 8 6 6 . 2 8 0 0 . 9 8 4 
1 . 0 6 • 7 1 2 0 - 0 2 5 . 5 9 3 0 - 0 2 0 , 9 4 9 6 . 9 6 9 0 . 9 8 1 
1 . 2 9 • 1 1 6 0 - 0 2 " 7 . 2 4 4 0 - 0 2 1 . 1 0 4 0 . 8 4 6 0 . 9 7 0 8 . 3 3 8 0 , 9 7 4 
1 . 5 1 • 3 ' 9 0 - O l 9 , 8 4 9 0 - 0 2 1 . 3 0 0 0 , 7 9 0 0 , 9 4 7 1 0 , 3 5 4 0 , 9 6 2 
1 . 8 1 • R O 5 0 - O 1 1 . 2 5 4 0 - 0 1 1 . 4 5 4 0 , 7 3 5 0 . 9 2 2 1 2 . 3 1 5 0 , 9 4 8 
2 . 1 7 . 3 2 9 0 - 0 1 1 , 5 2 7 0 - 0 1 1 . 5 7 2 0 , 6 8 2 0 . 8 9 6 1 4 ^ 2 0 9 0 , 9 3 3 
2 . 4 7 • 8 9 2 0 - 0 1 1 . 8 0 0 0 - 0 1 1 . 6 6 0 0 . 6 3 4 0 . 8 7 1 1 6 . 0 2 4 0 , 9 1 7 
2 . 7 3 . ' J 8 5 0 - O 1 2 . 0 7 4 0 - 0 1 1 . 7 2 6 0 , 5 8 9 0 . 8 4 8 1 7 . 7 5 5 0 , 9 0 0 
3 . 0 
_ _. 
• 1 0 4 P - 0 1 2 . 3 4 6 0 - 0 1 1 . 7 7 6 0 . 5 4 9 6 . 8 2 8 1 9 , 3 9 5 6 . 8 8 3 
3 . 3 4 . 7 4 2 0 - 0 1 2 , 6 1 8 0 - 0 1 1 . 8 1 3 0 . 5 1 3 0 . 8 1 1 2 0 , 9 4 2 0 . 8 6 5 
3 . 6 5 . 3 9 7 0 - 0 1 2 . 8 8 8 0 - 0 1 1 . 8 4 2 0 . 4 8 1 0 . 7 9 5 2 2 . 3 9 4 0 . 8 4 6 
3 . 9 6 . 0 6 5 0 - 0 1 3 . 1 5 7 0 - 0 1 1 . 8 6 5 0 , 4 5 2 0 . 7 8 2 2 3 , 7 5 0 0 , 8 ? 8 
4 . 2 6 . 7 4 4 0 - 0 1 3 . 4 2 5 0 - 0 1 1 . 8 8 3 0 . 4 2 6 0 . 7 7 1 2 5 , 0 1 3 0 . 8 0 9 
. 4 . 5 _ _ 7 • J . 3 3 . 0 - Q J . . 
_ 1 _ 6 9 _ 0 - C . _ . . . „ 1 . 8 9 7 _ 0 _ 4 0 2 . Q . J 9 0 . 
4 . 8 8 • 1 2 9 0 - 0 1 3 . 9 5 8 0 - 0 1 1 . 9 0 8 0 . 3 8 1 0 . 7 5 3 2 7 , 2 6 8 0 . 7 7 1 
5 . 1 8 • 8 3 1 0 - 0 1 4 , 2 2 3 0 - 0 1 1 . 9 1 7 0 , 3 6 2 0 . 7 4 6 2 8 , 2 6 9 0 . 7 5 3 
5 . 4 9 • 5 3 9 0 - 0 1 4 , 4 8 8 0 - 0 1 1 . 9 2 5 0 , 3 4 4 0 . 7 4 0 2 9 . 1 9 1 0 . 7 3 5 
6 . 0 1 . 0 9 7 0 + 0 0 5 . 0 1 6 0 - 0 1 1 . 9 3 6 0 , 3 1 3 0 . 7 2 9 3 0 , 8 1 9 0 . 6 9 9 
6 . 5 1 • 2 1 7 0 + 0 0 5 . 4 5 4 0 - 0 1 1 . 9 4 4 0 , 2 9 1 0 . 7 2 2 3 1 . 9 8 0 0 . 6 7 1 
7 . 0 1 . 3 3 8 0 + 0 0 5 , 8 9 0 0 - 0 1 1 . 9 4 9 0 , 2 7 2 0 . 7 1 7 3 2 , 9 8 8 0 , 6 4 4 
" 7 . 5 " 1 • T 6 O 0 + O O 6 , 3 2 6 0 - 0 1 1 . 9 5 3 6 , 2 5 5 0 . 7 1 2 " 3 3 , 8 6 4 6 . 6 1 9 
8 . 0 t . 5 8 2 0 + 0 0 6 . 7 6 2 0 - 0 1 1 . 9 5 7 0 , 2 4 0 0 . 7 0 8 3 4 , 6 2 6 0 , 5 9 4 
8 . ^ 1 . 7 0 5 0 + 00 7 . 1 9 6 0 - 0 1 1 . 9 6 0 0 , 2 2 7 0 . 7 0 5 3 5 , 2 9 0 0 , 5 7 1 
9 . 0 1 • 8 2 8 0 + 0 0 7 . 6 3 0 0 - 0 1 1 . 9 6 2 0 . 2 1 5 0 . 7 0 3 3 5 , 8 7 1 0.550 
9 . 5 1 i 9 5 2 0 + O O fl,0630-01 1 . 9 6 4 0 . 2 0 4 0 . 7 0 0 3 6 , 3 8 0 0 . 5 2 9 
1 0 . 0 • 0 7 6 0 + 0 0 . 8 , 4 9 6 0 - 0 1 X . 9 6 5 0 . 1 9 4 0 . 6 9 8 . 3 6 . 8 . 2 9 O . 5 A 0 
1 0 . 5 2 »?660 + oO 8 . 9 2 9 0 - 0 1 1 . 9 6 7 0 . 1 8 5 0 . 6 9 7 3 7 . 2 2 5 0 . 4 9 2 
1 1 . 0 7 , 3 2 - . 3 + 00 9 , 3 6 1 0 - 0 1 1 . 9 6 8 0 , 1 7 7 0 . 6 9 5 3 7 , 5 7 5 0 . 4 7 . 4 
1 2 . 0 2 •5730+00 1 , 0 2 3 0 + 0 0 1 . 9 7 0 0 . 1 6 3 0 . 6 9 3 3 8 . 1 6 5 0 . 4 4 3 
1 5 . 0 3 . 3 2 2 3 + 0 0 1 , 2 8 1 0 + 0 0 1 . 9 7 3 0 , 1 3 1 0 , 6 8 8 3 9 , 3 3 5 0 . 3 6 8 
2 0 . 0 4 , 5 7 7 0 + 0 0 1 , 7 1 1 0 + 00 1 . 9 7 6 0 . 0 9 8 0 . 6 8 4 4 0 , 2 9 0 0 . 2 8 5 
3 0 . 0 7 
. 0 9 5 0 + 0 0 2 . 5 7 1 0 + 0 0 1 . 9 7 8 0 . 0 6 6 0 _ , 6 8 1 4 0 , 9 9 3 0 , 1 9 4 
5 0 . 0 1 
. 2 1 4 0 + 0 i ~ 4 , 2 8 7 0 + 0 0 1 . 9 7 9 0 . 0 4 0 0 . 6 8 0 4 1 , 3 6 0 0 . 1 1 8 
1 0 0 , 0 2 , 4 7 7 0 + 0 1 8 . 5 7 7 0 + 0 0 1 . 9 7 9 0 . 0 2 0 0 . 6 7 9 4 1 , 5 1 5 0 . 0 5 9 
2 5 0 , 0 6 . 2 6 5 0 + 0 1 2 . 1 4 4 0 + 0 1 1 . 9 7 9 0 . 0 0 8 0 . 6 7 9 4 1 . 5 5 9 0 . 0 2 4 
5 0 0 . 0 1 . 2 5 8 0 + 0 2 4 , 2 8 9 0 + O J I j 9 7 9 0 , 0 0 4 Q _ 6 7 9 _ . _ 4 1 . . 5 6 5 0 * 0 1 2 
1 0 0 0 . 0 7 . 5 2 1 0 + 0 2 8 . 5 7 8 0 + 0 1 1 . 9 7 9 0 . 0 0 2 0 . 6 7 9 4 1 . 5 6 7 0 . 0 0 6 




I ISTV , $ U S. LAMB OA 3 KT/4 JSLS-i-lT 
0,0000 1.344 4 • 464 
0,0005 1.337 4 .489 
0,0007 X .3 35 "' 4 .49 3 
0,0010 1.334 4 .499 
0.0015 1.332 4 • 507" 
0,0020 t.330 4 .514 
0,0030 1.326 4 .526 
0,0050 t.321 4 .545 
0.0070 1.317 4, .561 
0,0100 1.312 4, I581 
0.0150 1.305 4, .609 
0.0200 1.299 4. .633 
0,0300 1.290 4, .674 
0,0500 1..276 4, .743 
0,0700 1.264 4, .801 
0,1000 1.251 4, .878 
0,1500 1.233 4< .988 
0,2000 1.219 5« .087 
0,3000 1.197 5, ,264 
0,5000 1.166 5, .574 
0,7000 1 .1 45 5. .8 54 
1,0000 1.121 6, .243 
1.5000 " 1.095 6. .849 
2,0000 1.078 7, • 424 
3.0000 1 .055 8, 528 
5,0000 1 ,033 10, .648 
7,0000 1.022 12. .718 
10.0000 1,014 15, 781 
15,0000 1,008 20. 841 
20,0000 1.005 25, 874 
30,0000 1.002 35, 910 
50,0000 1.001 55. 940 
100.0000 """ 1.000 105. "951 
T a b l e 7. C o m p u t e r R e s u l t s f o r I n v e r s e I n i t i a l S u s c e p t i b i l i t y , 
p . H / 2 S J M , f o r a F a c e - c e n t e r e d - c u b i c L a t t i c e a n d t h e 
F u n c t i o n \(2\"^) 
1 0 2 
B O D Y - C F N T E R E D - C U B I C 
INV.SUS. LAMBDA " 3KT/4JSCS+1) 
0,0000 1.393 2.872 
0,0005 1.383 2.893 
0,0007 1 .381 2,897 
0,0010 1.379 2,902 
0,0015 1,376 2.908 
0,0020 1.373 2.914 
0,0030 1,369 2.924 
0,0050 1.362 2.940 
0,0070 1.357 2.953 
0,0100 i.350 2,970 
0,0150 1,341 2.994 
0,0200 1.334 3.014 
0,0300 1 .321 3.050 
0,0500 1,303 3, 109 
0,0700 1.288 3.159 
0,1000 1 .271 3,226 
0,1500 1 .249 3.324 
0,2000 1,231 3,412 
0,3000 "1,204 3.571 " 
0,5000 1,168 3,854 
0,7000 1.143 4 ,11 4 
1,0000 1,116 4,479 
1,5000 1.088 5,055 
2,0000 1,070 5,608 
3,0000 1.048 6,680 
5,0000 1,027 8.763 
7,0000 1,018 10,810 
10,0000 1.011 13.852 
15.0000 1 ,006 18,890 
20,0000 1.004 23.911 
30.0000 1,002 3 3.9 3? 
50.0000 1 .001 53.943 
100.0000 1 .001 103.920 
T a b l e 8 . C o m p u t e r R e s u l t s f o r I n v e r s e I n i t i a l S u s c e p t i b i l i t y , 
| j H / 2 S J M , f o r a B o d y - c e n t e r e d - c u b i c L a t t i c e a n d t h e 
F u n c t i o n \ ( 2 X" 1) 
1 0 3 
A P P E N D I X III 
R E N O R M A L I Z E D E N E R G I E S 
T h e r e n o r m a l i z e d e n e r g i e s a r e p a r t o f t h e c o n c e p t i n w h i c h 
t h e g r o u n d s t a t e , | 0 ) , o f t h e H e i s e n b e r g f e r r o m a g n e t s e r v e s a s t h e 
b a c k g r o u n d f o r t h e c r e a t i o n o f q u a s i p a r t i c l e s p i n w a v e s , o r m a g n o n s . 
T h e m a g n o n s o b e y B o s e s t a t i s t i c s a n d e x i s t i n N e n e r g y l e v e l s c o r ­
r e s p o n d i n g t o t h e N m a g n o n ( o r s p i n w a v e ) c r e a t i o n o p e r a t o r s , S . 
I -
T h e s t a t i s t i c a l e x p e c t a t i o n v a l u e o f t h e n u m b e r o f p a r t i c l e s i n t h e 
e n e r g y l e v e l d e n o t e d b y k a t a t e m p e r a t u r e T i s 
n k = e x p ( E f W ( T ) / k _ T ) - 1 ( 1 5 0 ) 
w h e r e E ( T ) i s t h e e n e r g y r e q u i r e d t o c r e a t e a m a g n o n i n t h e p a r t i -
I -
c u l a r l e v e l . T h e c r e a t i o n e n e r g y i s t e m p e r a t u r e d e p e n d e n t b e c a u s e 
t h e r e i s n o t o n l y t h e e n e r g y n e c e s s a r y t o c r e a t e t h e m a g n o n i n t h e 
s w 
g r o u n d s t a t e , E^. ( c o r r e s p o n d i n g t o k i n e t i c e n e r g y o f a r e a l p a r t i c l e ) , 
s w 
b u t t h e r e i s a n i n t e r a c t i o n e n e r g y , E » w i t h e a c h m a g n o n t h a t i s 
_-, K. 
a l r e a d y p r e s e n t . T h e n u m b e r o f o t h e r m a g n o n s p r e s e n t i n t h e v a r i o u s 
e n e r g y l e v e l s a t t e m p e r a t u r e , T , i s a l s o g i v e n b y E q . ( 1 5 0 ) . F r o m 
E q . ( 3 b ) 
1 0 4 
E ° W = 2 S J (
 Y - Y, ) ( 1 5 1 ) k ' o k 
-I 
y = L e x p ( i k • 6 ) ( 1 5 2 ) 
w h e r e 6 r e p r e s e n t s t h e s e t o f r e a l s p a c e v e c t o r s f r o m a l a t t i c e s i t e t o 
i t s n e a r e s t n e i g h b o r s . T h e i n t e r a c t i o n e n e r g y i s d e f i n e d b y 
E = < k , k' | 3 C | k, k*> - < k ' | 3C | k ' > - < k | j C | k > ( 1 5 3 ) 
If, i n t h e s p i r i t of t h e f i r s t o r d e r p e r t u r b a t i o n t h e o r y , t h e n o n - d i a g o n a l 
t e r m s i n t h e s u m o n t h e r i g h t s i d e o f E q . ( 3 e ) a r e i g n o r e d , t h e E q s . 
( 1 5 3 ) , ( 3 b ) , a n d ( 3 e ) i m p l y t h a t 
E = - 4 S J N - 1 ( Y 0 - Y k + Y k , . k - Y k , ) < 1 5 4 ) 
B y u s i n g E q s . ( 1 5 0 ) , ( 1 5 1 ) , a n d ( 1 5 4 ) t h e r e n o r m a l i z e d c r e a t i o n e n e r g y 
f o r a m a g n o n i n e n e r g y l e v e l k i s 
Er<T> - c+1 v E k ) k < (155, 
T h i s r e s u l t a g r e e s w i t h t h e r e n o r m a l i z e d e n e r g i e s f o u n d b y M . B l o c h 
f r o m a t e c h n i q u e o f m i n i m i z i n g t h e f r e e e n e r g y , a n d w i t h t h e f i r s t 
1 0 5 
7 
£ n k ' ( Y k ' - k " Y k ' > = " ( Y o - Y k > Y o 1 V , " k ' Y k ' ( 1 5 6 ) 
k k* 
B y u s i n g E q s . ( 1 5 1 ) , ( 1 5 4 ) , a n d ( 1 5 6 ) , E q . ( 1 5 5 ) c a n b e v / r i t t e n 
E - - ( T ) = 2 S J [ Z < S Z >
 + ^ ivYk. ] ( Y o - Y k » ( 1 5 7 ) 
o 
A l l o f t h e s p i n w a v e e n e r g i e s a r e r e d u c e d b y t h e f a c t o r i n s q u a r e b r a c k e t s 
w h i c h i s i n d e p e n d e n t o f k. A t l o w t e m p e r a t u r e s , o n l y t h e l o w e s t e n e r g y 
l e v e l s a r e a p p r e c i a b l y o c c u p i e d . T o o b t a i n t h e f i r s t o r d e r b e h a v i o r of 
t h e renormalization f a c t o r , t h e f o l l o w i n g a p p r o x i m a t i o n i s made f o r a 
s i m p l e c u b i c l a t t i c e 
E f W = J(v -
 Y l ) = J I k 12 = J k 2 ( 1 5 8 ) 
k ' o k 1 1 
U s i n g t h i s a p p r o x i m a t i o n w h i c h p r o d u c e s s p h e r i c a l s y m m e t r y a n d r e p l a c ­
i n g t h e s u m b y t h e e q u i v a l e n t i n t e g r a l 
o r d e r r e s u l t s f o u n d b y D y s o n f r o m c o n s i d e r i n g t h e B o r n s c a t t e r i n g of 
t w o s p i n w a v e s . B e c a u s e o f t h e c u b i c s y m m e t r y r e q u i r e m e n t s p l a c e d 
o n n a n d Yi, b y t h e l a t t i c e 
1 0 6 
2 < S Z > = I - ^ L
 n 2 / Q . ( 1 5 9 ) N e x p ( k / 0) - 1 
1 
2 
1 OO x d x 
c , = 2 
1 TT e x p ( x ^ ) - 1 
T h e s e c o n d t e r m i n t h e r e n o r m a l i z a t i o n f a c t o r b e c o m e s 
A n, . v, = . . 3 . 2 , . v ' N Y „  Y t I  
o k , k'
 Tk« ( 2 n ) " J e x p t k^/O) - 1 
3 / 2 ' 5 / 2 
"
 C l 9 • C 2 9 
T h e a p p r o x i m a t i o n m a d e i n E q . ( 1 5 8 ) s u p p r e s s e s s o m e t e r m s o f 
5 / 2 
o r d e r 0 a n d h i g h e r i n E q s . ( 1 5 9 ) a n d ( 1 6 0 ) , h o w e v e r i t c a n b e s e e n 
t h a t t h e l o w e s t o r d e r t e m p e r a t u r e t e r m i n t h e e x p a n s i o n f o r ( S ) i s 
3 / 2 5 / 2 
0 a n d t h e l o w e s t o r d e r t e r m f o r t h e r e n o r m a l i z a t i o n f a c t o r i s 0 
W h i l e t h e G r e e n f u n c t i o n t e c h n i q u e i s n o t t i e d t o a q u a s i p a r t i c l e 
c o n c e p t , i t c a n b e s h o w n t h a t f o r a s y s t e m o f t r u e B o s e p a r t i c l e s , t h e 
p o l e s o f t h e G r e e n f u n c t i o n c o r r e s p o n d t o t h e c r e a t i o n o r e x c i t a t i o n 
e n e r g i e s . T h e c o m m u t a t o r of t h e c r e a t i o n a n d d e s t r u c t i o n o p e r a t o r s 
f o r B o s e p a r t i c l e s i s n e c e s s a r i l y u n i t y , h o w e v e r f o r t h e m a g n o n s 
1 0 7 
= 2 < S Z > ( 1 6 1 ) 
3 / 2 
w h i c h d i f f e r s f r o m u n i t y a t l o w t e m p e r a t u r e s b y a t e r m of. o r d e r 0 
I t m i g h t b e e x p e c t e d t h a t t h e e n e r g i e s o f s p i n w a v e t h e o r y w o u l d a g r e e 
w i t h t h e p o l e s f r o m t h e G r e e n f u n c t i o n t o f i r s t o r d e r a t l o w t e m p e r a ­
t u r e s . 
T h e p o l e s o f t h e G r e e n f u n c t i o n s a r e g i v e n b y E q . ( 4 8 ) . U s i n g 
E q . ( 5 0 ) a n d l e t t i n g H ' = 0 
E - j r 2 < S Z>
 +i^!>-I ,^ p(i/kJ^ Vi 1(Y - Y J d62) k L N
 k , e x p ( E / k T ) - l J Y o Y k ' 
T h e s u m i s i n d e p e n d e n t o f t h e p a r t i c u l a r n e a r e s t v e c t o r , 6 , u s e d s o 
e x p ( i k • 6 ) c a n b e r e p l a c e d b y y , / y • If t h e l o w t e m p e r a t u r e l i m i t o f 
iC o 
a i s 1 / 2 S , t h e n t h e p o l e s o f t h e G r e e n f u n c t i o n , E , i n t h e ; l o w t e m p e r a -
t u r e l i m i t d o a g r e e w i t h r e n o r m a l i z e d s p i n w a v e e n e r g i e s , E q . ( 1 5 7 ) , u p 
. 5 / 2 t o o r d e r 0 
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